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ON COINCIDENCES OF MORIN AND FIRST ORDER
THOM–BOARDMAN SINGULAR LOCI

ANDRÁS CSÉPAI, ANDRÁS SZŰCS, AND TAMÁS TERPAI

Abstract. It is well-known that the Thom polynomial in Stiefel–Whitney classes expressing
the cohomology class dual to the locus of the cusp singularity for codimension-k maps and
that of the corank-2 singularity for codimension-(k −1) maps coincide. The aim of the present
paper is to find out whether there is any geometric explanation to this seemingly mysterious
coincidence. We thank László Fehér for posing us this interesting question that we answer here
in the positive, and motivated by it we search for further similar coincidences of the loci of the
corank-r and Morin singular points, but found such only for special classes of maps. Finally
we compute the cohomology classes dual to the singularity strata for any Morin map. (This
result–for holomorphic maps–was presented by Kazarian but the proof was left unpublished.)

1. Introduction

The present paper investigates the relation and possible coincidence up to homology or cobor-
dism (or other equivalences) of certain singular loci for smooth (real C∞) maps, and the geometric
reasons behind such relations. More concretely, we will study the loci of the singularities Σ1r (k)
and Σr(l) where Σ1r is short for Σ1,...,1,0 with r digits 1 and the arguments in parentheses denote
the codimensions of the maps under consideration. The main motivation for this is the following:

Question. Classical computations show that the (real, modulo 2) Thom polynomials of the sin-
gularities Σ12(k) and Σ2(k − 1) coincide, they are both the polynomial w2

k+1 + wkwk+2. Is there
a geometric explanation for this coincidence?

This question was posed by L. Fehér and one purpose of this paper is to answer it to the
affirmative (see theorem 1 and corollary 1). It also motivated us to investigate the relation of
the loci of the singularities Σ1r (k) and Σr(k − r + 1) for any r for special types of maps (see
Theorems 2, 3 and Corollaries 2, 3). This is related to the problem of computing the Thom
polynomials of the singularities Σ1r (k) for general Morin maps (see theorem 4) which was also
studied by Kazarian [Ka]. Before stating our results mentioned above, let us briefly introduce
the objects that appear in their formulations.

A central problem in global singularity theory is, for a given singularity type η of smooth
map germs, to understand the singular locus η(f) ⊂ M of maps f : M → N , that is, the points
where the singularity of f is η. A classical result of Thom [Th56] is that there is an element
Tpη(k) ∈ Z2[w1, w2, . . .] ∼= H∗(BO;Z2), called now the Thom polynomial, such that for any
generic smooth map f : M → N of codimension k, the Poincaré dual of the closure η(f) of the
η-locus of f is obtained by substituting the Stiefel–Whitney classes of the stable normal bundle
νf := f∗TN ⊖ TM in the variables of Tpη(k). In some cases (characterised by Vassiliev [Va88])
the Thom polynomial of η(k) also has an oriented analogue TpSO

η(k) in the ring H∗(BSO;Z) giving
the dual of η(f) in integral cohomology. Note that H∗(BSO;Z) is of the form Z[p1, p2, . . .]⊕ im β
where the summand im β is isomorphic to the image of the Steenrod operation Sq1; for any
element wi1 . . . wir ∈ im Sq1 we will denote by vi1,...,ir the corresponding element in im β.
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Our goal will be to understand geometrically the coincidences of Thom polynomials for maps of
different codimensions. This presents a problem which we overcome by introducing the following
notion.

Definition 1. For a smooth map f : M → N , an (l-tuple) de-suspension of f is a generic
perturbation f̃ : M × Rl → N of the composition f ◦ prM (i.e. a generic map close to it in
the space of smooth maps) where prM : M × Rl → M is the projection to M , such that the
submanifold M × {0} is transverse to the singular strata of f̃ . (Note that the de-suspension of
a map is not unique, but it is unique homotopically.)

Our main results will geometrically relate Σ1r -loci of maps with Σr-loci of their de-suspensions
for three special types of maps defined as follows.

Definition 2. A generic map f : M → N is said to be a Morin map if dim ker dfp (the corank
of its differential) is at most 1 for all p ∈ M . The Morin map f will be called

(1) a cusp map if it only has singularities of types Σ1r with r ≤ 2, i.e. all of its singular
points belong to the fold (Σ1,0) or the cusp (Σ1,1,0) locus,

(2) a prim map if the kernel line bundle ker df over the set Σ(f) of singular points is trivial,
(3) a twisted prim map if there is a line bundle ℓ over M such that the kernel bundle ker df

is the restriction ℓ|Σ(f).

Remark. The name “prim” is a shortening of projected immersion. It is not hard to see
that prim maps are precisely the hyperplane projections of immersions, that is, a generic map
f : M → N is prim precisely if there is an immersion j : M ↬ N × R such that f is the compo-
sition prN ◦j; see e.g. [Sz91]. Such a j will be called an immersion lift of f .

The paper is organised as follows: in section 2 we state our main results; in section 3 we define
the notions of singularities and Thom polynomials used throughout the paper and recall their
basic properties; in section 4 we prove theorems 1, 2, 3, 4 and corollaries 1, 2, 3 below; and
finally in section 5 we pose open problems related to the topic. We also included an appendix
containing tedious but crucial computations needed for the proof of theorem 1.

2. Formulation of the results

Relating the loci of the singularity types Σ12(k) and Σ2(k − 1) we have:

Theorem 1. If f : Mn → Nn+k is a cusp map where M is closed and k ≥ 1 and f̃ : M ×R → N
is a de-suspension of f , then the submanifolds Σ12(f) and Σ2(f̃) ∩ M × {0} of M are cobordant
as embedded submanifolds in M . This cobordism is oriented if M and N are oriented and the
codimension k is odd.

We note here that the perturbation f̃ of the map f ◦ prM that we construct in the proof of
theorem 1 will be such that the submanifolds Σ12(f) and Σ2(f̃) ∩ M × {0} actually coincide.
From this theorem we deduce:

Corollary 1. We have
TpΣ12 (k) = TpΣ2(k−1)

and if k is odd, then we also have
TpSO

Σ12 (k) = TpSO
Σ2(k−1).

Remark. The first equation in corollary 1 is, as noted before, well-known. The second equation
is apparently not so widely known, but it also simply follows from known results: using the
formulae in [Ro71] and [Sz00] (see also [Ro]) we get TpSO

Σ12 (k) = p k+1
2

+ vk,k+2 = TpSO
Σ2(k−1) for k

odd. Note that if k is even, then these singular loci do not represent integral cohomology classes
in general, hence then the Thom polynomials TpSO

Σ12 (k) and TpSO
Σ2(k−1) are not defined.
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As corollary 1 shows, theorem 1 gives a geometric reason for the coincidence of the Thom
polynomials of the singularities Σ12(k) and Σ2(k−1) through the embedded cobordism of singular
loci. We will now consider two special classes of maps for which analogous relations hold for the
loci of the singularities Σ1r (k) and Σr(k − r + 1) for any r. We also note in advance that these
singular loci represent integral cohomology classes for general maps only when k is odd and r is
even.

Theorem 2. If f : Mn → Nn+k is a prim map where M is closed and k ≥ r − 1 and
f̃ : M × Rr−1 → N is a de-suspension of f , then the submanifolds Σ1r (f) and Σr(f̃) ∩ M × {0}
of M are cobordant as embedded submanifolds in M . This cobordism is oriented if M and N are
oriented and the codimension k is odd.

This yields equations of Thom polynomials similar to the ones in corollary 1 evaluated for
k-codimensional prim maps.

Corollary 2. If f : Mn → Nn+k is a prim map where M is closed, then for any r we have

TpΣ1r (k)(f) = TpΣr(k−r+1)(f) = wk+1(νf )r

and if M and N are oriented and k is odd and r is even, then we also have

TpSO
Σ1r (k)(f) = TpSO

Σr(k−r+1)(f) = p k+1
2

(νf ) r
2 .

To explain the second term in both equations above, note that although a k-codimensional
prim map cannot have Σr(k − r + 1)-singularities, it still makes sense to substitute the charac-
teristic classes of its stable normal bundle into the variables of the abstract Thom polynomials
of Σr(k − r + 1).

Remark. The first formula in corollary 2 is in essence not new: the classical Giambelli–Thom–
Porteous formula implies that the leading term of TpΣr(k−r+1) is wr

k+1 and all other terms
contain a factor wl with l > k + 1; the same is proved for TpΣ1r (k) in [Ri01]1 and since for a
codimension-k prim map f the Stiefel–Whitney classes wl(νf ) vanish for l > k+1, the statement
follows.

Theorem 2 and corollary 2 can, in a weaker form, be extended from prim maps to the more
general class of twisted prim maps.

Theorem 3. If f : Mn → Nn+k is a twisted prim map where M is closed and k ≥ r − 1 and
f̃ : M × Rr−1 → N is a de-suspension of f , further, M and N are oriented, k is odd and r is
even, then the homology classes 2[Σ1r (f)] and 2[Σr(f̃) ∩ M × {0}] in H∗(M ;Z) coincide.

Corollary 3. If f : Mn → Nn+k is a twisted prim map where M is closed, M and N are
oriented and k is odd and r is even, then we have

2TpSO
Σ1r (k)(f) = 2TpSO

Σr(k−r+1)(f).

Finally, related to the connection of the Thom polynomials of the singularities Σ1r and Σr,
we give a formula computing the Thom polynomials of all singularities Σ1r restricted to Morin
maps.

Remark. The Thom polynomial TpΣ1r (k) is not known in general, it has been computed for
a general k only if r is at most 6; see [BSz12]. In contrast, the Thom polynomial TpΣr(k) is
classically known for all k and r, it is determined by the Giambelli–Thom–Porteous formula; see
e.g. [Po71].

1Most papers on Thom polynomials consider them in the holomorphic setting but a classical result of Borel
and Haefliger [BH61] implies that the smooth setting (with Z2 coefficients) is straightforward from that.
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Theorem 4. If f : Mn → Nn+k is a Morin map, then we have

TpΣ1r (k)(f) =
{(

wk+1(νf )2 + wk(νf )wk+2(νf )
) r

2 , if r is even
wk+1(νf )

(
wk+1(νf )2 + wk(νf )wk+2(νf )

) r−1
2 , if r is odd

and if M and N are oriented and k is odd and r is even, then we also have

TpSO
Σ1r (k)(f) =

(
p k+1

2
(νf ) + vk,k+2(νf )

) r
2

.

Remark. The first formula in theorem 4 follows from a result of Kazarian [Ka] where this
Thom polynomial was computed for holomorphic Morin maps. Our proof of it is the same as
Kazarian’s, but we will still repeat it since it fits with the techniques of the present paper
and although Kazarian’s formula was published in [Ka06], to our knowledge its proof remained
unpublished.

3. Singularities and Thom polynomials

Throughout the paper we consider singular loci of generic smooth maps of non-negative codi-
mension. The notions of singularity and genericity are defined in various ways depending on
context, in the present paper “singularity” will always mean Thom–Boardman singularity which
we define in the following (see also [Bo67]) together with our definition of the notion of genericity.

Definition 3. For any map f : Mn → Nn+k and number r we define Σr(f) ⊂ M to be the
set of points p ∈ M where the corank of the differential of f (i.e. dim ker dfp) is r; the set
of singular points of f is Σ(f) := Σ1(f) ∪ . . . ∪ Σn(f). The subset Σr(f) is the preimage un-
der the 1-jet extension j1f : M → J1(M, N) of the subset Σr(M, N) ⊂ J1(M, N) of 1-jets of
corank r which is a submanifold of this jet bundle. Now if j1f is transverse to the submanifold
Σr(M, N), then the subset Σr(f) ⊂ M is a manifold, hence we can consider for any s ≤ r
the subset Σr,s(f) := Σs(f |Σr(f)) which is the preimage under the 2-jet extension j2f of the
correspondingly defined submanifold Σr,s(M, N) ⊂ J2(M, N). Iterating this process yields for
any weakly decreasing sequence S of non-negative integers the submanifold ΣS(f) ⊂ M called a
Thom–Boardman stratum of f ; this stratum is again the j|S|f -preimage of the Thom–Boardman
stratum ΣS(M, N) ⊂ J |S|(M, N). We call the map f generic if its jet extensions are transverse
to all Thom–Boardman strata in the corresponding jet bundles. The points in ΣS(f) are called
the ΣS-points of f and ΣS(f) is also called the ΣS-locus of f ; this classification of singular points
for all maps f : Mn → Nn+k where n is arbitrary and k is fixed defines the Thom–Boardman
singularity type ΣS(k).

Remark. As seen above, we denote by η(k) a singularity type η considered for maps of fixed
codimension k, on the other hand we denote by η(f) the η-locus of a map f . Although this
makes the notations ambiguous, it should not be confusing.

Remark. If S is a decreasing sequence, then for a map f : M → N and a point p ∈ M the
local germ of f at p determines whether p is a ΣS-point or not, but the germs of f at different
points of ΣS(f) may be different up to local coordinate change. However, Morin’s classical result
[Mo65] shows that if f : Mn → Nn+k is a Morin map (i.e. if Σ(f) = Σ1(f)), then the germs of f
at two points of M are the same in some local coordinate systems precisely if they belong to the
same Thom–Boardman singularity Σ1r (k); this singularity is often denoted by Ar(k) and also
called a Morin singularity. Thus the Morin singularities are locally well understood, however,
this is not the case for their global structure.

As noted in the introduction, for a singularity η(k) the Thom polynomial Tpη(k) describes
the closure of the η-locus of any generic k-codimensional map f : M → N up to (co)homology.
We note here that generally the closure η(f) ⊂ M is not a submanifold, however, it is in two
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special cases that are important in this paper: firstly if f is a Morin map, then the closure of
Σ1r (f) = Σ1,...,1,0(f) (with r digits 1) is Σ1,...,1(f) (again with r digits 1) which is a submanifold;
secondly if Σr+1(f) is empty, then Σr(f) is a closed submanifold.

Modern approaches for constructing the Thom polynomial Tpη(k) are due to Kazarian [Ka01]
and Rimányi [Ri01], we now briefly recall the construction of it based on [Ka01]. Consider the infi-
nite jet bundle J∞

0 (εl, γl+k) over BO(l+k) where l is any sufficiently large integer, εl is the trivial
l-plane bundle and γl+k is the universal (l + k)-plane bundle; the jet bundle J∞

0 (εl, γl+k) has as
fibre the space J∞

0 (Rl,Rl+k) of polynomial maps with 0 constant term. Here we can consider
subspaces K(Rl,Rl+k) ⊂ J∞

0 (Rl,Rl+k) invariant under the O(l + k)-action induced by the one
on Rl+k and such that the suspension of polynomial maps J∞

0 (Rl,Rl+k) → J∞
0 (Rl+1,Rl+k+1)

defined by p 7→ p × idR maps K(Rl,Rl+k) to K(Rl+1,Rl+k+1); these subspaces yield a se-
quence of subbundles K(εl, γl+k) ⊂ J∞

0 (εl, γl+k). In the cases we are interested in, the subspace
η(Rl,Rl+k) ⊂ J∞

0 (Rl,Rl+k) consisting of polynomials whose germ at 0 has degeneracy type η
has the above properties which defines the subbundles η(εl, γl+k) ⊂ J∞

0 (εl, γl+k). Moreover, for
each l there is a cohomology class dual to the closure of η(εl, γl+k) denoted by

[η(εl, γl+k)] ∈ H∗(J∞
0 (εl, γl+k);Z2) ∼= H∗(BO(l + k);Z2)

and the natural inclusion BO(l + k) ⊂ BO(l + k + 1) is such that the restriction
H∗(BO(l + k + 1);Z2) → H∗(BO(l + k);Z2)

maps [η(εl+1, γl+k+1)] to [η(εl, γl+k)].

Definition 4. The Thom polynomial of the singularity η(k) is defined as the cohomology class
Tpη(k) ∈ H∗(BO;Z2) ∼= Z2[w1, w2, . . .] that is the limit of the classes

[η(εl, γl+k)] ∈ H∗(BO(l + k);Z2)
as l tends to ∞.

For any map f : Mn → Nn+k the stable normal bundle νf is induced from BO by a map that
we will (with a slight abuse of notation) also denote by νf : M → BO. This map factors through
a map νf (l) : M → BO(l + k) where l is sufficiently large. Now the degeneracy locus η(f) is the
preimage of the subbundle νf (l)∗η(εl, γl+k) ⊂ κf (l)∗J∞

0 (εl, γl+k) under the section defined by
the jets of the germs of f , hence the Poincaré dual of η(f) is ν∗

f Tpη(k) which is the same as the
polynomial obtained by substituting wi(νf ) in the variable wi of Tpη(k) for all i.

Definition 5. For a map f : M → N , substituting the Stiefel–Whitney class wi(νf ) in the
variable wi of Tpη(k) for all i will be called the evaluation of the Thom polynomial on f and
denoted by Tpη(k)(f).

Remark. This definition allows us to evaluate Thom polynomials of k-codimensional singu-
larities on non-k-codimensional maps too (this is used in corollaries 2 and 3) but if the map
f above is of codimension k, then the evaluation Tpη(k)(f) is the cohomology class dual to
[η(f)] ∈ H∗(M ;Z2). If the map f has codimension different from k, then one can consider an
appropriate de-suspension (or suspension) f̃ of f that has codimension k, and then the evalu-
ation Tpη(k)(f) gives the dual cohomology class of the closure of the η-locus η(f̃) ∩ M if this
intersection if transversal.

In the following we restrict ourselves to maps every singularity of which belongs to a fixed set
of singularities τ . Such a map will be called a τ -map. Then we can consider Thom polynomials
modulo τ , that is, Thom polynomials restricted to τ -maps (see e.g. [Ri01]) defined as follows.

Definition 6. For any l let Kτ (l) ⊂ J∞
0 (εl, γl+k) be the union of the subsets η(εl, γl+k) for all

η(k) ∈ τ and let Kτ be the direct limit of the spaces Kτ (l) as l tends to ∞. The space Kτ is
called the Kazarian space of the singularity set τ and the pullback of Tpη(k) ∈ H∗(BO;Z2) by
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the map Kτ → BO induced by the fibre maps Kτ (l) → BO(l +k) is called the Thom polynomial
of η(k) for τ -maps and denoted by Tpη(k)|τ ∈ H∗(Kτ ;Z2).

If f : Mn → Nn+k is a τ -map, then the map νf : M → BO inducing the stable normal bundle
νf factors through a map κf : M → Kτ as shown in the diagram below, hence then we have
Tpη(k)(f) = Tpη(k)|τ (f) for all η(k) ∈ τ .

Kτ

π

��

Tpη(k)|τ3
κ∗

f

yy
M

κf

>>

νf

// BO Tpη(k)(f) Tpη(k)

_
π∗

OO

�
ν∗

f

oo

Example.
(1) If τ consists of all possible singularities of codimension-k maps, we get Kall ∼= BO and

Tpη(k)|all = Tpη(k).
(2) For τ = {Σ0(k), Σ1(k)} we get KMorin; computing the evaluation of TpΣ1r (k) on every

Morin map (theorem 4) is the same as computing TpΣ1r (k)|Morin.
(3) For τ = {Σ0(k), Σ1,0(k), Σ1,1,0(k)} we get Kcusp.

The Thom polynomials Tpη(k) (and Tpη(k)|τ ) considered so far give the classes represented by
closures of η-loci in cohomology with Z2 coefficients. However, if the locus η(f) ⊂ M is cooriented
for a map f : M → N , then it also makes sense to talk about the cohomology class represented by
it in H∗(M ;Z). In many cases there are general conditions on singularities η(k) which guarantee
that the η-locus of any k-codimensional map is cooriented (see [Ri00]), but generally this is not
sufficient for the existence of an analogue of the Thom polynomial Tpη(k) (and Tpη(k)|τ ) with
Z coefficients; in fact a necessary and sufficient condition for the existence of an integral Thom
polynomial for η(k) is that it is a cocycle in Vassiliev’s cochain complex which is generated
by cooriented singularities; see [Va88] (see also [Ka97]). If the integral Thom polynomial of
η(k) exists, then it is an element in the cohomology ring H∗(BO;Z) which is isomorphic to
Z[p1, p2, . . .] ⊕ im β where pi denotes the i’th universal Pontryagin class and β is the Bockstein
map corresponding to the coefficient sequence 0 → Z → Z → Z2 → 0 (see [MS74, problem 15-
C]). The restriction of the modulo 2 reduction homomorphism is an isomorphism im β → im Sq1

under which each element wi1 . . . wir
∈ im Sq1 corresponds to an element vi1,...,ir

∈ im β. We
note in particular that for i odd we have Sq1(wiwi+1) = wiwi+2, hence there is an element vi,i+2
in im β.

Since the existence of integral Thom polynomials is hard to decide in general (see [FR02]
for such computations) and the topic of the present paper is far from these techniques, we only
state here the two cases we need and where this existence is easy to see. First note that since
we consider here maps between oriented manifolds, the construction of Kazarian spaces can be
repeated with BSO replacing BO; the oriented analogue of Kτ will be denoted KSO

τ , in other
words, KSO

τ is the pullback of Kτ by the double cover BSO → BO. (Note that the properties of
the cohomology ring of BO recalled above also hold for that of BSO.)

Definition 7. If the singularity η(k) is a cocycle in the restricted Vassiliev complex that is
generated only by the cooriented singularities of oriented maps belonging to τ , then there is a
corresponding cohomology class in the ring H∗(KSO

τ ;Z) called the integral Thom polynomial of
η(k) for τ -maps and denoted by TpSO

η(k)|τ .

Integral Thom polynomials are analogous to Thom polynomials in Z2-cohomology. Namely for
any τ -map f : Mn → Nn+k between oriented manifolds, if η(k) ∈ τ satisfies the condition of the
above definition, then the Poincaré dual of the closure η(f) in H∗(M ;Z) is the class κ∗

f TpSO
η(k)|τ
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which is obtained by substituting pi(νf ) and vi1,...,ir (νf ) in the variables pi and vi1,...,ir of this
Thom polynomial respectively.

The first case in which we will consider integral Thom polynomials is that of Morin maps
f : Mn → Nn+k where M and N are oriented and k is odd; in this case the only possible
singular loci are the Σ1r (f) and among them the cooriented ones are precisely those where
r is even (see [Ri00]). This means that in the Vassiliev complex for only odd codimensional
Morin maps between oriented manifolds, all differentials vanish, hence Σ1r (k) admits a Thom
polynomial TpSO

Σ1r (k)|Morin in this case.
Secondly we consider generic maps f : Mn → Nn+l where M and N are oriented; in this case

the Thom–Boardman stratum Σr(f) is cooriented precisely if l is even (see [Ri00]) and then
[Ro71] shows that the Thom polynomial TpSO

Σr(l) of Σr(l) exists precisely if r is also even. (Note
that in the cases we are interested in we have l = k − r + 1 and so if r is even, then k is odd
precisely if l is even.)

4. Proofs

Proof of Theorem 1. For any map f : Mn → Nn+k the composition f ◦ prM : M × R → N
(which is not a generic map) is such that we have Σ2(f ◦ prM ) ∩ M × {0} = Σ1(f). Our aim
is to show that in the case when f is a cusp map, any generic perturbation of this composition
for which the submanifold M × {0} is transverse to the singular strata is such that its Σ2-
locus intersected with M × {0} is cobordant to the Σ12 -locus of f . Below we construct a map
f̃ : M × R → N such that we will have Σ2(f̃) ∩ M × {0} = Σ12(f) (not just up to cobordism)
where f̃ is a perturbation of f ◦ prM but it is (in general) not generic. However, the 1-jet
j1f̃ : M × R → J1(M × R, N) will be transverse to the subspace Σ2(M × R, N) of 1-jets of
corank 2. This is sufficient to prove our statement since both being a Σ2-map (i.e. having no
singularities of type Σ3) and having a 1-jet extension transverse to Σ2(M × R, N) are open
conditions, hence any generic perturbation f̂ of f ◦ prM is homotopic to f̃ through Σ2-maps
whose 1-jets are transverse to Σ2(M × R, N). Now if we also suppose transverse intersection
of the singular strata with M × {0} (and with M × {0} × [0, 1] for the homotopy), we obtain
that Σ2(f̂) ∩ M × {0} is cobordant to Σ2(f̃) ∩ M × {0} as submanifolds of M which is what we
claimed.

For any section σ of the vector bundle f∗TN over M we can perturb the map f ◦ prM by σ
by mapping the point (p, t) ∈ M × R to the point expN (tσ(p)) where expN is the exponential
map of N corresponding to a Riemannian metric; this may only be well-defined on a small
neighbourhood of M × {0} but that can be identified with M × R. The map given by this
formula will be denoted f̃σ : M × R → N . Observe that here Σ2(f̃σ) ∩ M × {0} is the zero locus
σ−1(0) intersected with Σ(f), hence our goal is now to find a section σ : M → f∗TN for which
σ−1(0) ∩ Σ(f) is precisely Σ12(f). We also note that generally the map f̃σ is not finite-to-one,
thus not generic.

Porteous [Po71] showed that for any map f there is a second intrinsic derivative

d2f : ker df ⊗ ker df → coker df

of f given by the usual second derivative in the direction of the subspace ker df < TM , and its
value is well-defined modulo the subspace im df < f∗TN , i.e. it is independent of the choice of
local coordinates. Now ker df |Σ(f) is a line bundle and so its tensor square is trivial, hence the
second derivative d2f |Σ(f) defines a section of the bundle coker df |Σ(f) which we identify with
the orthogonal complement of im df |Σ(f) using a Riemannian metric. This gives us a section of
the restriction of f∗TN to Σ(f). Since the second derivative vanishes precisely at Σ12(f), so
does this section, hence if we denote by σ an arbitrary extension of it to the whole M , we can
define f̃ as f̃σ.
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It is left for us to show that the 1-jet j1f̃ is transverse to Σ2(M × R, N). This is done by
writing the map f in local coordinates around the points of Σ12(f) × {0} (i.e. writing up the
normal form of cusp singularity; see [Mo65]), computing from it the map f̃ in these coordinates,
then proving that the derivative Rn+1 → Hom(Rn+1,Rn+k) of this local map is transverse to
Σ2(Rn+1,Rn+k). A way of this is showing that at each Σ2-point its derivative projected to the
normal space of Σ2(Rn+1,Rn+k) is surjective using that the normal space of Σ2(Rn+1,Rn+k) at
a point φ : Rn+1 → Rn+k is Hom(ker φ, coker φ) (see [Ro72]). This computation is lengthy but
straightforward and so we omit the details here but the interested reader can find them in the
appendix. This concludes the proof. □

Proof of Theorem 2. We will prove the following:

Theorem 2’. If f : Mn → Nn+k is a prim map where M is closed, k ≥ r − 1 and N is of
the form Qn+k−r+1 × P r−1 such that the composition g := prQ ◦f is generic and the pullback
bundle f∗ pr∗

P TP is trivial, then the submanifolds Σ1r (f) ⊂ M and Σr(g) ⊂ M are cobordant
as embedded submanifolds of M . This cobordism is oriented if M and N are oriented and the
codimension k is odd.

This implies Theorem 2 since if f : M → N is any prim map and f̃ : M × Rr−1 → N is its
de-suspension as in theorem 2 (we may also assume f̃ |M×{0} = f), then we can use Theorem 2’
for maps

f̂ : M × T r−1 → N × T r−1 and ĝ : M × T r−1 → N,

where T r−1 is the (r − 1)-torus, f̂ is a perturbation of f × idT r−1 and ĝ is prN ◦f̂ such that on a
small neighbourhood of M × {0} the maps ĝ and f̃ coincide. We can indeed apply Theorem 2’
for f̂ and ĝ since f̂ is a prim map and T r−1 is parallelisable implying that the pullback of its
tangent bundle is trivial. Thus we get that Σ1r (f̂) and Σr(ĝ) are cobordant submanifolds of
M × T r−1 and by intersecting them with M × {0} (making the cobordism transverse to it) we
get that Σ1r (f) and Σr(f̃) ∩ M × {0} are cobordant in M .

Now a trivial observation is that if ξ is a smooth vector bundle over a closed manifold M and
σ1, . . . , σr and τ1, . . . , τr are two collections of sections, both in general position, then the zero
sets

r⋂
i=1

σ−1
i (0) and

r⋂
i=1

τ−1
i (0) are cobordant submanifolds of M . This cobordism is oriented if

M and ξ are oriented and ξ is of even rank. Theorem 2’ will follow if we substitute for ξ the
normal bundle νj of an immersion lift j : M ↬ N × R of the prim map f and use the following
two lemmas:

Lemma 1. If f : M → N is a prim map and j : M ↬ N × R is its immersion lift, then for
any r there are sections σ1, . . . , σr (in general position) of νj (the normal bundle of j) such that

Σ1r (f) is the set
r⋂

i=1
σ−1

i (0).

Lemma 2. If j : M ↬ Q×P r is an immersion where the composition g := prQ ◦j is generic and
the pullback bundle j∗ pr∗

P TP is trivial, then there are sections τ1, . . . , τr (in general position)

of νj such that Σr(g) is the set
r⋂

i=1
τ−1

i (0).2

To see that Lemma 2 holds, note that
j∗T (Q × P ) ∼= j∗ pr∗

Q TQ ⊕ εr ∼= TM ⊕ νj

(where εr again denotes the trivial r-plane bundle) and the standard coordinate vectors in εr

yield sections ε1, . . . , εr of TM ⊕ νj . Then letting τi be the projection of εi to the normal bundle

2Note that we apply lemma 2 in the proof of theorem 2’ with the (strange) substitution P r = P r−1 × R.
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νj gives the sections of νj with the desired property since Σr(g) is the set of points p ∈ M
where the whole summand εr|p < j∗(T (Q × P ))|p is in the tangent space TpM . (Throughout the
paper we tacitly identify the normal bundle of a submanifold with the orthogonal complement
of its tangent bundle and suppose that the projection to the normal bundle is the orthogonal
projection.)

Lemma 1 has been proved in [Sz00, proof of lemma 2], for the reader’s convenience we briefly
recall the idea here. We apply Lemma 2 with Q = N and P = R to obtain σ1 := τ1 = prνj

◦ε
where ε := ε1 is the constant vector field on N × R defined by the positive basis of R, hence
we have σ−1

1 (0) = Σ(f). Now Σ(f) is a submanifold of M of codimension k + 1; we denote its
normal bundle in M by ν1 and observe that the tangent spaces of σ1 at the points of Σ(f) form
the graph of a pointwise linear isomorphism ι1 : ν1 → νj |Σ(f). The composition ι1 ◦ prν1 ◦ε is
a section of νj |Σ(f) which vanishes precisely at Σ1,1(f), hence if we define σ2 as an arbitrary
extension of this section to the whole M , then we obtain σ−1

1 (0) ∩ σ−1
2 (0) = Σ1,1(f). By further

applying the same method, we obtain the sections σ3, . . . , σr with the desired property. □

Proof of Theorem 3. We will prove the following, which implies Theorem 3 analogously to
how Theorem 2’ implied Theorem 2.

Theorem 3’. If f : Mn → Nn+k is a twisted prim map where M is closed and N is of the
form Qn+k−r+1 ×P r−1 such that the composition g := prQ ◦f is generic and the pullback bundle
f∗ pr∗

P TP is trivial, further, M and N are oriented, k is odd and r is even, then the homology
classes 2[Σ1r (f)], 2[Σr(g)] ∈ H∗(M ;Z) coincide.

To prove Theorem 3’ let ℓ → M be a line bundle with ℓ|Σ(f) ∼= ker df , let q : M̃ → M be its
S0-bundle and put f̃ := f ◦ q and g̃ := g ◦ q. Now we have ker df̃ = q∗ ker df ∼= q∗ℓ|Σ(f) which is
trivial, hence the map f̃ : M̃ → N is prim and so by Theorem 2’ the submanifolds Σ1r (f̃) and
Σr(g̃) are cobordant in M̃ . In particular we have

[Σ1r (f̃)] = [Σr(g̃)] ∈ H∗(M̃ ;Z).

The map q is a double cover, hence for each component C of Σ1r (f) or Σr(g), the homology
class q∗[q−1C] is a multiple of [C] by either 0 or 2. Since we also have Σ1r (f̃) = q−1Σ1r (f) and
Σr(g̃) = q−1Σr(g), it is sufficient to prove that q∗[q−1C] is always 2[C], or, in other words, the
orientation gained on the simplices of Σ1r (f̃) (resp. Σr(g̃)) from the map f̃ (resp. g̃) is the same
as the one gained from lifting the orientation of the simplices of Σ1r (f) (resp. Σr(g)).

Now the orientation gained from f̃ (resp. g̃) is the same as the natural orientation of
r⋂

i=1
σ−1

i (0)

for r generic sections σ1, . . . , σr of νj where j : M̃ → N × R is an immersion lift of f̃ . These
sections are (resp. the first of these sections is) obtained from the standard unit vector field on
N × R whose pullback to Σ(f̃) is ker df̃ which extends to M̃ as q∗ℓ. This means that for each
point p ∈ M , the two fibres of q∗ℓ|q−1p are trivialised by vectors whose projections to ℓp are
opposite. Thus for a small neighbourhood U ⊂ M of the point p ∈ M the two local sections are
each other’s opposite, i.e. if the two components of q−1U are Ũ1, Ũ2 ⊂ M̃ and φ : νj |Ũ1

→ νj |Ũ2
is the natural isomorphism, the section φ ◦ σi|Ũ1

is −σi|Ũ2
for all i (resp. for i = 1). But since

the codimension k is odd, the rank of νj is even, hence the multiplication by −1 does not change
the (local) orientation of the zero locus of the section. This is what we wanted. □

The proofs of the corollaries we will be based on the following:

Lemma 3. Let f : Mn → Nn+k be a generic τ -map where τ is a set of singularities, let
f̃ : M × Rl → N be a de-suspension of f and suppose that η(k) and ϑ(k − l) are singulari-
ties for which the Thom polynomials Tp◦

η(k)|τ and Tp◦
ϑ(k−l) exist where ◦ stands for SO if M



158 ANDRÁS CSÉPAI, ANDRÁS SZŰCS, AND TAMÁS TERPAI

and N are oriented and nothing otherwise. If the singular loci η(f) and ϑ(f̃) are such that for
some numbers a, b we have a[η(f)] = b[ϑ(f̃) ∩ M × {0}] in H∗(M ;Z) in the oriented case and in
H∗(M ;Z2) otherwise, then we have

aTp◦
η(k)(f) = bTp◦

ϑ(k−l)(f).

Proof. This is trivial since the homology classes [η(f)] and [ϑ(f̃) ∩ M × {0}] are dual to the
cohomology classes Tp◦

η(k)(f) and Tp◦
ϑ(k−l)(f) respectively. □

Proof of Corollary 1. Theorem 1 and Lemma 3 imply that for all cusp maps f : Mn → Nn+k

we have TpΣ12 (k)(f) = TpΣ2(k−1)(f) and if k is odd and M and N are oriented, then the same
with integral Thom polynomials. However, this already proves that the same holds for any
generic map f : Mn → Nn+k. Indeed, for generic maps new singularities can occur compared to
the case of cusp maps but these new singularities have large codimensions (greater than 2k + 3)
hence they do not interfere with cohomologies in the codimension of the cusp singularity Σ12(k)
(which is 2k + 2). This is because for any r the codimension of the singularity Σ1r (k) is r(k + 1)
and the codimension of Σr(k) is r(k + r). An alternative construction of Kazarian spaces gives
them by gluing together disk bundles of vector bundles corresponding to singularities where
the rank of each vector bundle is the codimension of the singularity it corresponds to; see e.g.
[FR04], [Sz08]. This implies that the embedding of the Kazarian space K◦

cusp of the singularity set
{Σ0(k), Σ1,0(k), Σ1,1,0(k)} (where ◦ again denotes SO or nothing in the oriented and non-oriented
cases respectively) into K◦

all =: B (which is BSO and BO in the oriented and non-oriented
cases respectively) is such that the additional cells of B are all of dimension at least 2k + 4.
Thus we have Hi(B) ∼= Hi(K◦

cusp) for i ≤ 2k + 2 with any coefficient group which means that
Tp◦

Σ12 (k)|cusp ∈ H2k+2(K◦
cusp) corresponds isomorphically to the element Tp◦

Σ12 (k) ∈ H2k+2(B).
(Note that this also means that the integral Thom polynomial TpSO

Σ12 (k) exists even for non-Morin
maps.)

But the fact that for all maps f : Mn → Nn+k we have Tp◦
Σ12 (k)(f) = Tp◦

Σ2(k−1)(f) is
equivalent to saying that for any manifold M and any map ν : M → B the pullbacks ν∗Tp◦

Σ12 (k)
and ν∗Tp◦

Σ2(k−1) coincide. Since the space B is the direct limit of the sequence of Grassmannian
manifolds, this can only be if the cohomology classes Tp◦

Σ12 (k) and Tp◦
Σ2(k−1) are also the same.

□

Proof of Corollary 2. From Theorem 2 and Lemma 3 we obtain for any prim map
f : Mn → Nn+k the equality TpΣ1r (k)(f) = TpΣr(k−r+1)(f) and if k is odd, r is even and
M and N are oriented, then the same with integer Thom polynomials. The fact that this co-
homology class equals wk+1(νj)r in the non-oriented and p k+1

2
(νj) r

2 in the oriented case follows
from Lemma 1 (note that νj

∼= νf ⊕ ε1). Indeed, the Poincaré dual of the zero set σ−1
i (0) of a

generic section σi of νj is the Euler class e(νj), hence that of the intersection
r⋂

i=1
σ−1

i (0) is e(νj)r

which is wk+1(νj)r modulo 2 and p k+1
2

(νj) r
2 if νj is oriented and k is odd and r is even. □

Proof of Corollary 3. This is immediate from Theorem 3 and Lemma 3. □

It is left for us to prove Theorem 4 for which we will need:

Lemma 4 (Kazarian [Ka]). If f : Mn → Nn+k is a Morin map, then the normal bundle of
the singular set Σ(f) in M is stably isomorphic to ker df ⊗ νf |Σ(f) and if i : Σ(f) ↪→ M is the
embedding, then for any r ≥ 0 the pushforward i! (w1(ker df)r) is wk+r+1(νf ).

Proof. Let ν be the normal bundle of Σ(f) ⊂ M and let q : PTM → M be the projectivisation
of the tangent bundle of M and γP T M the tautological line bundle over PTM . Consider the
restriction of the bundle q over the singular set, i.e. q−1Σ(f) → Σ(f). Associating to each point
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p ∈ Σ(f) the line ker dfp < TM defines a section s : Σ(f) → q−1Σ(f) of this bundle. Note
that ker df ∼= s∗γP T M . If νs denotes the normal bundle of s(Σ(f)) in PTM , then we have
νs

∼= q∗ν ⊕ ker dq|s(Σ(f)), hence the vector bundle q∗ν is stably isomorphic to νs ⊖ ker dq|s(Σ(f)).
On the other hand the differential df defines a map of the line bundle γP T M to q∗f∗TN , i.e. a
section of the bundle

Hom(γP T M , q∗f∗TN) ∼= γP T M ⊗ q∗f∗TN.

The zero locus of this section is precisely s(Σ(f)), hence the normal bundle νs is isomorphic
to the restriction of γP T M ⊗ q∗f∗TN to s(Σ(f)). Finally, observe that the tangent space of a
projective space is isomorphic to the space of homomorphisms of the tautological line bundle to
its orthogonal complement. Applying this observation fibrewise to the bundle ker dq → PTM we
obtain that ker dq is γP T M ⊗ (q∗TM/γP T M ) which is stably isomorphic to γP T M ⊗ q∗TM ⊖ ε1.
Putting all of the above observations together we obtain

ν ∼= s∗q∗ν ∼= s∗(νs ⊖ ker dq|s(Σ(f))) ∼= s∗(γP T M ⊗ q∗f∗TN ⊖ ker dq) ∼=
∼= s∗(γP T M ⊗ q∗f∗TN ⊖ (γP T M ⊗ q∗TM ⊖ ε1)) ∼= s∗(γP T M ⊗ q∗νf ⊕ ε1) ∼=
∼= ker df ⊗ νf |Σ(f) ⊕ ε1.

To compute the image of w1(ker df)r under i!, note that the pushforward s! (w1(ker df)r) is
w1(γP T M )r times the cohomology class represented by s(Σ(f)) in PTM . This latter cohomology
class is wn+k(γP T M ⊗q∗f∗TN) since the submanifold representing it is the zero locus of a section
of this bundle. We also know the pushforward image q! (w1(γP T M )r), it is the normal Stiefel–
Whitney class wr−n+1(M) (see e.g. [Da74]), hence we have

i! (w1(ker df)r) = q!s! (w1(ker df)r) = q!

(
w1(γP T M )r

n+k∑
i=0

w1(γP T M )iwn+k−i(q∗f∗TN)
)

= q!

(
n+k+r∑

i=r

w1(γP T M )iwn+k+r−i(q∗f∗TN)
)

=
k+r+1∑

i=r−n+1
wi(TM)wk+r+1−i(f∗TN) = wk+r+1(νf ).

This is what we wanted. □

Proof of Theorem 4. For simplicity of notation, let ℓ denote the line bundle ker df (which is
now only defined over Σ(f)) and denote for all r ≥ 1 by νr the normal bundle of the singular
locus Σ1r (f) in Σ1r−1(f) (noting that Σ10(f) = M) and by ir the embedding Σ1r (f) ↪→ M . The
following will be analogous to the proof of lemma 1.

Taking for all points p ∈ Σ(f) the projection of the line ℓ|p < TpM to the normal space ν1|p
defines a section σ2 of the bundle Hom(ℓ, ν1) ∼= ℓ ⊗ ν1. Observe that the vanishing locus σ−1

2 (0)
is Σ1,1(f) which is a submanifold in Σ(f) of codimension k + 1 with normal bundle ν2 and note
that the tangent spaces of σ2 at the points of Σ1,1(f) form the graph of a pointwise isomorphism
ι2 : ν2 → ℓ ⊗ ν1|Σ1,1(f). The projection of ℓ|Σ1,1(f) to ν2 composed with ι2 gives a section of
the bundle Hom(ℓ, ℓ ⊗ ν1)|Σ1,1(f) ∼= ν1|Σ1,1(f) which vanishes precisely at Σ1,1,1(f), hence if σ3
is an arbitrary extension of this section to the whole Σ(f), then we get that Σ1,1,1(f) is the
intersection σ−1

2 (0) ∩ σ−1
3 (0) where σ2 is a section of ℓ ⊗ ν1 and σ3 is a section of ν1. Further

iterating this method produces the sequence σ2, σ3, . . . where each term of even (resp. odd) index
is a section of the bundle ℓ ⊗ ν1 (resp. ν1) such that for any r we have Σ1r (f) =

r⋂
i=1

σ−1
i (0).

Thus the dual cohomology class represented by Σ1r (f) in the submanifold Σ(f) ⊂ M is
e(ℓ ⊗ ν1)⌊ r

2 ⌋e(ν1)⌈ r
2 ⌉−1 where by lemma 4 we have ν1 ∼= ℓ ⊗ νf ⊕ ε1, hence ℓ ⊗ ν1 ∼= νf ⊕ ℓ
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(not denoting the restriction of νf to Σ(f) for simplicity). Note that over Σ(f) the expression
νf ⊕ ℓ can be considered as a genuine rank-(k + 1) vector bundle, not just a stable one. Hence
the modulo 2 Euler classes e(ℓ ⊗ ν1) and e(ν1) are wk+1(νf ⊕ ℓ) = wk+1(νf ) + w1(ℓ)wk(νf ) and
wk+1(ℓ ⊗ νf ) respectively. We claim that the latter coincides with wk+1(νf ). Indeed, another
expansion of wk+1(νf ⊕ ℓ) is

wk+1
(
ℓ ⊗ (ℓ ⊗ νf ⊕ ε1)

)
= wk+1(ℓ ⊗ νf ) + w1(ℓ)

k∑
i=0

w1(ℓ)iwk−i(ℓ ⊗ νf )

= wk+1(ℓ ⊗ νf ) + w1(ℓ)wk(νf ),

hence wk+1(ℓ ⊗ νf ) is wk+1(νf ⊕ ℓ) + w1(ℓ)wk(νf ) = wk+1(νf ). Thus we have

TpΣ1r (k)(f) = (i1)!

(
(wk+1(νf ) + w1(ℓ)wk(νf ))⌊ r

2 ⌋
wk+1(νf )⌈ r

2 ⌉−1
)

which is the pushforward by i1 of
(
wk+1(νf )2 + w1(ℓ)wk+1(νf )wk(νf )

) r−1
2 if r is odd and of

(wk+1(νf ) + w1(ℓ)wk(νf ))
(
wk+1(νf )2 + w1(ℓ)wk+1(νf )wk(νf )

) r
2 −1 if r is even. Note that since

the stable vector bundle νf ⊕ ℓ has as a representative the rank-(k + 1) bundle ν1, we have
0 = wk+2(νf ⊕ ℓ) = wk+2(νf ) ⊕ w1(ℓ)wk+1(νf ), i.e. w1(ℓ)wk+1(νf ) = wk+2(νf ). Hence by
Lemma 4 we get that the cohomology class TpΣ1r (k)(f) is

wk+1(νf )
(
wk+1(νf )2 + wk+2(νf )wk(νf )

) r−1
2

if r is odd and
(
wk+1(νf )2 + wk+2(νf )wk(νf )

) r
2 if r is even.

Let us now turn to the case where k is odd, r is even and M and N are oriented. Then
Σ(f) ⊂ M is generally not a cooriented submanifold but Σ1,1(f) ⊂ M is. The dual cohomology
class represented by Σ1r (f) in Σ1,1(f) is well-defined with Z coefficients; it is the Euler class
power e(ℓ ⊗ ν1 ⊕ ν1) r

2 −1 (again we suppress the restriction of ν1 and ℓ to Σ1,1(f) for notational
simplicity). Note that it is sufficient to prove that the double 2TpSO

Σ1r (k)(f) of the cohomology
class represented by Σ1r (f) is 2p k+1

2
(νf ) r

2 . Indeed, if this holds, then the difference of TpSO
Σ1r (k)(f)

and p k+1
2

(νf ) r
2 is an element of second order which is determined by the modulo 2 restrictions of

this Thom polynomial and Pontryagin class; these are TpΣ1r (k)(f) and wk+1(νf )r respectively
which implies our formula. Thus we first want to determine the double of an Euler class for
which we can use:

Lemma 5. If q : M̃ → M is a double cover of an oriented manifold M and ξ is an oriented
vector bundle over M , then we have q!q

∗e(ξ) = 2e(ξ).

Lemma 5 simply follows from the fact that if σ is a generic section of ξ, then q∗e(ξ) is the
Poincaré dual of the zero locus of the section σ̃ of q∗ξ induced from σ and for each simplex ∆ of
σ−1(0), the preimage q−1∆ is two simplices of σ̃−1(0) with the same orientation, hence we have
q∗q−1∆ = 2∆.

We use lemma 5 with ξ =
(

r
2 − 1

)
(ℓ ⊗ ν1 ⊕ ν1) and q : M̃ → M the S0-bundle of ℓ. This

bundle ξ is indeed orientable since the rank of ν1 is k + 1 which is even, hence we have
w1(ℓ ⊗ ν1 ⊕ ν1) = (k + 1)w1(ℓ) + 2w1(ν1) = 0.

Noting that q∗(ℓ ⊗ ν1) coincides with q∗ν1 this yields that we have

2e(ℓ ⊗ ν1 ⊕ ν1) r
2 −1 = 2e

((r

2 − 1
)

(ℓ ⊗ ν1 ⊕ ν1)
)

= q!e
((r

2 − 1
)

(q∗(ℓ ⊗ ν1) ⊕ q∗ν1)
)

= q!e((r − 2)q∗(ℓ ⊗ ν1)) = 2e((r − 2)(ℓ ⊗ ν1)) = 2e(2(ℓ ⊗ ν1)) r
2 −1

= 2p k+1
2

(ℓ ⊗ ν1) r
2 −1 = 2p k+1

2
(νf ⊕ ℓ) r

2 −1 = 2p k+1
2

(νf ) r
2 −1.
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Thus the double of the oriented Thom polynomial evaluated on the map f is

2TpSO
Σ1r (k)(f) = (i2)!

(
2p k+1

2
(νf ) r

2 −1
)

= 2(i2)!1Σ1,1(f)p k+1
2

(νf ) r
2 −1

where 1Σ1,1(f) is the fundamental class of the manifold Σ1,1(f). But 2(i2)!1Σ1,1(f) is the double
of the Thom polynomial TpSO

Σ12 (k) evaluated on the map f which, by [Sz00], is 2p k+1
2

(νf ). This
concludes the proof. □

5. Open questions and concluding remarks

The investigations in the present paper can be seen as working on the following (quite vague)
problem:
Question. For which classes of smooth maps f and which numbers r do the cohomology classes
TpΣ1r (k)(f) and TpΣr(k−r+1)(f) (or their oriented analogues) coincide? When is such a coinci-
dence of Thom polynomials explained by a cobordism, bordism or other more geometric equiva-
lence of the respective singular loci?

For r = 1 the (closures of the) singular loci in question coincide by definition for any f . For
r = 2 the coincidence also holds for any f and the second question above in this case is the
question of Fehér. We answered it in theorem 1 by an embedded cobordism in the case when f is
a cusp map. Although this already explains the coincidence of Thom polynomials, it is natural
to ask the following:
Question. Does theorem 1 remain true if we replace the word “cusp” by “Morin” in it? Is there
a similar equivalence (which is stronger than homology) of the Σ12-locus of a generic map f and
the Σ2-locus of its de-suspension?

By a “stronger equivalence” here we mean any geometric equivalence of the singular loci
noting that for a general map f with de-suspension f̃ the closures Σ12(f) and Σ2(f̃) are not
manifolds, hence we cannot talk about usual cobordism for them. Instead, we could ask for
example whether they are cobordant as defective embeddings in some generalisation of the sense
of Rost (see e.g. [Ros87]).
Remark. Such a stronger equivalence could also explain the fact that not only the Thom poly-
nomials but even the avoiding ideals of the singularities Σ12(k) and Σ2(k − 1) coincide, that
is, the kernels of the restriction homomorphisms H∗(BO;Z2) → H∗(K{Σ0(k),Σ1,0(k)};Z2) and
H∗(BO;Z2) → H∗(K{Σ0(k−1),Σ1(k−1)};Z2) which were computed in [Te09] and [Pr88] respec-
tively.

On another line, Theorem 2 and Corollary 2 answer the first set of questions above in the case
when f is prim and Theorem 3 and Corollary 3 give a partial answer when f is twisted prim.
We conjecture that in Theorem 3 and Corollary 3 the factors 2 can be omitted, more concretely,
we pose the following:
Conjecture. If f : Mn → Nn+k is a twisted prim map where M is closed and k ≥ r − 1 and
f̃ : M × Rr−1 → N is a de-suspension of f , then the submanifolds Σ1r (f) and Σr(f̃) ∩ M × {0}
of M are cobordant as embedded submanifolds in M . This cobordism is oriented if M and N are
oriented and the codimension k is odd and r is even.

We can consider a stronger version of twisted prim maps: we say that a map f : M → N
is strongly twisted prim if there is a line bundle ℓ over N (instead of M) such that ker df is
f∗ℓ|Σ(f). Then a similar consideration as the one implying that a Morin map with trivial kernel
line bundle is prim, yields that there is an immersion j from M to the total space of ℓ which
is a lift of f . For these strongly twisted prim maps, Lemmas 1 and 2 may extend using some
modification of the normal bundle νj instead of νj , thus giving a proof of the above conjecture
in this case.
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Remark. If the conjecture above is true, then we get obstructions for the existence of twisted
prim maps: the Thom polynomials TpΣ1r (k)|Morin and TpSO

Σ1r (k)|Morin were computed in Theorem
4 while the Thom polynomials TpΣr(k−r+1) and TpSO

Σr(k−r+1) are known from the Giambelli–
Thom–Porteous formula and Ronga’s computation [Ro71].

The obstructions coming from this conjecture are the equalities TpΣ1r (k)(f) = TpΣr(k−r+1)(f)
and TpSO

Σ1r (k)(f) = TpSO
Σr(k−r+1)(f) for twisted prim maps f .

Remark. A principle of Kazarian in [Ka] says that when considering Thom polynomials of
Morin maps, one can assume that they are, in our terminology, strongly twisted prim; that is,
if a Thom polynomial formula holds for strongly twisted prim maps, then it is likely to hold
for any Morin map. If Kazarian’s principle also holds for the statement of the above conjecture,
then we would get the same obstructions for the existence of general Morin maps which would
uncover possible hidden relations in the avoiding ideal of Σ2(k). We note that an example for
this principle is theorem 4: the formulae there can be proved for strongly twisted prim maps
using the same ideas in a somewhat simpler way than for general Morin maps (in particular,
there is no need to use lemma 4). But the actual proof we gave above shows that these ideas
work for all Morin maps.

Lastly we note that lemmas 1, 2 and 3 also hold in the complex setting, hence the analogue
of theorem 2 and corollary 2 for holomorphic prim maps is true as well. As we remarked in
the introduction, the analogue of theorem 4 is also true for holomorphic Morin maps, it was
formulated and proved in [Ka]. However, the proofs of theorems 1 and 3 do not go through for
holomorphic maps (and the analogue of corollary 1 is not even true). Another line of investigation
would be to try proving or disproving every statement in this paper for holomorphic maps instead
of smooth maps, but, as it is usual with holomorphic problems, many smooth topological methods
(e.g. relying on generic perturbations) would not work then.

Appendix: computational details in the proof of theorem 1

In appropriate local coordinate systems around the points of Σ12(f) and their images, the
map f̃ has the form (p, t) 7→ f(p) + tσ(p) where for simplicity we use the same letters for the
maps written in local coordinates as for the original maps. Here f : Rn → Rn+k can be chosen
as the normal form of the cusp singularity in these dimensions and σ : Rn → Rn+k maps a
point p ∈ Σ(f) to the vector d2f

dq2 (p) projected to the orthogonal complement of im dfp where q

generates the subspace ker dfp.
The local form of cusp from n-dimensional space to (n+k)-dimensional is the (n−2k−2)-fold

suspension of the prototype of the k-codimensional cusp which is, using [Mo65], given by
f : (x1, . . . , x2k, y, z, s1, . . . , sn−2k−2) 7→ (X1, . . . , X2k+1, Y1, . . . , Yk, Z, S1, . . . , Sn−2k−2)

Xi = xi (i ≤ 2k),
X2k+1 = y,

Yi = zx2i−1 + z2x2i,

Z = zy + z3,

Si = si

where
(x, y, z, s) = (x1, . . . , x2k, y, z, s1, . . . , sn−2k−2)

and
(X, Y, Z, S) = (X1, . . . , X2k+1, Y1, . . . , Yk, Z, S1, . . . , Sn−2k−2)

are the coordinates in Rn and Rn+k respectively and with a slight abuse of notation we also use
the latter as the coordinate functions of f . Its derivative is
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df(x,y,z,s) =

1
1

. . .
1

1
1

z z2 x1 + 2zx2
. . .

...
z z2 x2k−1 + 2zx2k

Z z y + 3z2

1
. . .

1

X

Y

S





[ ]
[ ]

x︷ ︸︸ ︷ y︷︸︸︷ z︷ ︸︸ ︷ s︷ ︸︸ ︷{
where empty spaces mean 0 terms (this is a convention we will also use in the following). Hence
Σ(f) is given by the equations x2i−1 = −2zx2i and y = −3z2 and here ker df is generated by
the z-coordinate vector in Rn and im df is generated by the vectors

u1, . . . , uk+1, v1, . . . , vk, w1, . . . , wn−2k−2,

where we have

ui =

1 X2i−1

z Yi

Z

X

Y

S






{{

}
}

(i ≤ k), uk+1 =

1 X2k+1

Z z

X

Y

S





{
{{

}
and vi =

1 X2i

z2
Yi

Z

X

Y

S






{{

}
}

and wi is the Si-coordinate vector in Rn+k. Now the second intrinsic derivative defining the
section σ is the projection of the vector

d2f

dz2 =

2x2
...

2x2k

Z 6z

X

Y

S





{

{{

to the orthogonal complement of the subspace generated by u1, . . . , uk+1, v1, . . . , vk (since it is
already orthogonal to the vectors wi). Although this only defines σ restricted to Σ(f), we may
assume that the same formula gives σ on a neighbourhood of it as well. To compute this formula,
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we first project vi to the orthogonal complement of ui for all i which yields

ṽi = vi − ⟨ui, vi⟩
||ui||2

ui =

− z3

1+z2 X2i−1

1 X2i

z2

1+z2 Yi

Z

X

Y

S






{{

}
}

}

and now u1, . . . , uk+1, ṽ1, . . . , ṽk is a pairwise orthogonal basis for the subspace generated by
u1, . . . , uk+1, v1, . . . , vk. Hence we have

σ = d2f

dz2 −
k+1∑
i=1

⟨ui,
d2f
dz2 ⟩

||ui||2
ui −

k∑
i=1

⟨ṽi,
d2f
dz2 ⟩

||ṽi||2
ṽi

whose X2i−1, X2i, X2k+1, Yi and Z coordinates (for i ≤ k) are − 2zx2i

1+z2+z4 , − 2z2x2i

1+z2 , − 6z3

1+z2 , 2x2i

1+z2+z4

and 6z
1+z2 respectively. Thus the map f̃ : Rn+1 → Rn+k defined by f̃(p, t) := f(p) + tσ(p) is of

the form

f̃ : (x1, . . . , x2k, y, z, s1, . . . , sn−2k−2, t) 7→ (X̃1, . . . , X̃2k+1, Ỹ1, . . . , Ỹk, Z̃, S̃1, . . . , S̃n−2k−2)

X̃2i−1 = x2i−1 − 2tzx2i

1 + z2 + z4 (i ≤ 2k),

X̃2i = x2i − 2tz2x2i

1 + z2 ,

X̃2k+1 = y − 6tz3

1 + z2 ,

Ỹi = zx2i−1 + z2x2i + 2tx2i

1 + z2 + z4 ,

Z̃ = zy + z3 + 6tz

1 + z2 ,

S̃i = si

and so its derivative df̃ at (x, y, z, s, t) is
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1 − 2tz
1+z2+z4

2tx2(z2+3z4−1)
(1+z2+z4)2 − 2zx2

1+z2+z4

0 1 − 2tz2
1+z2 − 4tzx2

(1+z2)2 − 2z2x2
1+z2

. . .
...

...

1 − 2tz
1+z2+z4

2tx2k(z2+3z4−1)
(1+z2+z4)2 − 2zx2k

1+z2+z4

0 1 − 2tz2
1+z2 − 4tzx2k

(1+z2)2 − 2z2x2k
1+z2

1 − 6tz2(z2+3)
(1+z2)2 − 6z3

1+z2

z z2 + 2t
1+z2+z4 x1 + 2zx2

(
1 − t(1+z2)

(1+z2+z4)2

)
2x2

1+z2+z4

. . .
...

...

z z2 + 2t
1+z2+z4 x2k−1 + 2zx2k

(
1 − t(1+z2)

(1+z2+z4)2

)
2x2k

1+z2+z4

Z z y + 3z2 + 6t(1−z3)
(1+z2)2

6z
1+z2

1

. . .
1

X

Y

S





 
 

 
 

 
 

[ ]
[ ]

x︷ ︸︸ ︷ y︷︸︸︷ z︷ ︸︸ ︷ s︷ ︸︸ ︷ t︷ ︸︸ ︷{

.

Now we need that the map df̃ : Rn+1 → Hom(Rn+1,Rn+k) is transverse to the subspace
Σ2(Rn+1,Rn+k) consisting of corank-2 homomorphisms. The normal space of Σ2(Rn+1,Rn+k)
in Hom(Rn+1,Rn+k) at a point φ : Rn+1 → Rn+k is Hom(ker φ, coker φ); we want to show that
the projection of the image of d(df̃)p to this subspace is surjective for all points

p ∈ (df̃)−1(Σ2(Rn+1,Rn+k)) = Σ2(f̃).

The singular locus Σ2(f̃) is the subspace (x, y, z) = (0, 0, 0) in Rn+1 and for any point
φ ∈ im df̃ |Σ2(f̃) the subspace Hom(ker φ, coker φ) < Hom(Rn+1,Rn+k) is generated by the co-
ordinate vectors corresponding to yY1, . . . , yYk, yZ, tY1, . . . , tYk, tZ using the notation that for
each coordinate q of Rn+1 and Q of Rn+k we denote by qQ the corresponding coordinate of
Hom(Rn+1,Rn+k). It is not hard to see that every such coordinate vector is indeed in the image
of d(df̃)(0,0,0,s,t) projected to it (for any s, t), namely in the partial derivatives d(df̃)

dx2i−1
(0, 0, 0, s, t),

d(df̃)
dy (0, 0, 0, s, t), d(df̃)

dx2i
(0, 0, 0, s, t) and d(df̃)

dz (0, 0, 0, s, t) respectively the coordinate yYi, yZ, tYi

and tZ is non-zero and all other coordinates of this subspace are 0. This is what we wanted to
show.
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