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JET SCHEMES OF SINGULAR SURFACES OF TYPES
DY AND D} IN CHARACTERISTIC 2

YOSHIMUNE KOREEDA

ABSTRACT. Let k be an algebraically closed field, S a variety over k and m a nonnegative integer. There is
a space S,, over S, called the jet scheme of S of order m, parametrizing m-th jets on S. The fiber over the
singular locus of S is called the singular fiber.

In this paper, we consider the singular fibers of the jet schemes of 2-dimensional rational double points over
a field k of characteristic 2 whose resolution graph is of type D4. There are two types of such singularities,
of type Dg and type Di. We give the irreducible decomposition of the singular fiber and describe the
configuration of the irreducible components. The case of a Dg—singularity is quite similar to the case of
characteristic 0 studied in the previous paper. The case of Di—singularity requires more elaborate analysis of
certain subsets of the singular fibers.

1. INTRODUCTION

Let k be an algebraically closed field of an arbitrary characteristic and S a surface over k. The notion
of a jet scheme was introduced by Nash in 1968 in a preprint, later published in 1995 [9]. Let m be a
nonnegative integer. Roughly speaking, an m-th jet of S is an infinitesimal map of order m from a germ
of a curve to S, and the scheme parametrizing m-th jets is called the m-th jet scheme. We denote the m-th
jet scheme of S by S .

For nonnegative integers m > m’, there is a natural morphism ”i,m' :S,, = 8, called the truncation
morphism. The O-th jet scheme is identified with S and we denote the truncation morphism ﬂfn o by .
We are interested in the fiber S of 75 over the singular locus Sing S of S, which we call the singular
fiber of §. In characteristic 0, the relation between the singular fibers of jet schemes of surfaces and the
exceptional curves of the minimal resolutions of singularities of surfaces was studied in a series of papers
by Mourtada [6, 7] and Mourtada-Plénat [8]. For a general surface S, the relation between the irreducible
components of S and the exceptional curves of the minimal resolution of S is not simple. However, for
rational double points, Mourtada gave a one-to-one correspondence between the irreducible components
of the singular fiber and the exceptional curves of the minimal resolution.

In [5], this correspondence was studied in more detail. For a fixed order m of the jet scheme of a
singular surface of type A, or type Dy, the configuration of the irreducible components of the singular
fiber was investigated. Furthermore, a graph was constructed using this information, and the graph turned
out to be isomorphic to the resolution graph of the singularity for a sufficiently large m. Concretely, the
graph is constructed as follows: Let Z;, ..., Z" be the irreducible components of the singular fiber Y.

m> *

Construction ([5, Construction 2.15]). Let V = {Z,‘,,, wZp},and let E C {Z,’;1 N Z,J;l |7, je{l,..,n},i#j}
be the set of the maximal elements for the inclusion relation. Then we construct a graph I as the pair
(V,E), that is, the vertices of T are elements of V and there is given an edge between Zi, and Z,{, if and
only if Z/ N Z), € E.

In this paper, we consider 2-dimensional rational double points in positive characteristics, especially,
Dy-type singular surfaces in characteristic 2.

2010 Mathematics Subject Classification. Primary 14J17.
Key words and phrases. Jet scheme; rational double point singularities; positive characteristic.


http://dx.DOI.org/10.5427/jsing.2024.27i

168 Y. KOREEDA

First, we consider the irreducible decomposition of the singular fiber in any characteristic. For singular
surfaces of type A,, the defining equation of the surface is given by xy — z**! in any characteristics.
Here and henceforth, the singular point is at the origin. In this case the irreducible decomposition of the
singular fiber was given by Mourtada in [6]. For a singular surface of type D, for n > 4, the defining
equation is x> — y?z + 7" in characteristic 0. In the first possible case n = 4, if the characteristic is a prime
different from 2, the defining equation is the same as in characteristic 0. One can check that the arguments
in [7] work also in this case.

In characteristic 2, however, there are two different types of singularities with the resolution graph
of type D4. In Artin [1], one is given by x* + y?>z + yz2, called a singularity of type DY, and the other
given by x> + y?z + yz% + xyz, called a singularity of type D}l. We note that the equation of a singularity
of type Dg is weighted homogenous while that of a singularity of type D}t is not. In Mourtada [7], it
was important in giving the irreducible decomposition of the singular fibers that the defining equation is
weighted homogenous. Thus, for a singular surface of type DY, we will give the irreducible decomposition
of the singular fiber using arguments as in Mourtada [7]. On the other hand, for a singular surface of type
D}P we have to find another way to prove that certain sets are irreducible. In this paper, we do this by a
careful study of the codimensions of certain subsets of the singular fiber.

Second, as for the configuration of the irreducible components of the singular fiber, we consider the
inclusion relations among their intersections as in [5]. For the singular surfaces of type A,, we gave
the irreducible decomposition of the intersections of the irreducible components of the singular fiber in
characteristic 0 in [5]. These decompositions are independent of the characteristics, so the inclusion
relations are the same as in [5] in any characteristic. Next, we consider the singular surfaces of type Dj.
In this case, while Mourtada gave the irreducible decomposition of the singular fiber in characteristic
0 in [7], generators of defining ideals of irreducible components were not known. Notwithstanding, in
characteristic 0, we could determine the set E, and hence the graph I', in Construction in [5]. If the
characteristic is greater than 2, we can determine the configuration using the same arguments as in [5]
and we do not deal with these cases in this paper. If the characteristic is 2, the arguments need some
modification, and this is the case that we will deal with in this paper.

The following two theorems are the main results in this paper. First, we give the irreducible decompo-
sition of the singular fiber.

Theorem 1.1. Let k be an algebraically closed field of characteristic 2 and S C A* the surface defined
by f = x> + Y’z +y2? or g = x> + Y22+ yZ% + xyz in the affine space over k. If m > 5, the irreducible
decomposition of the singular fiber SO is given by

SO =720vuzluzZuZ3,

where Z0, Z\ 72 and Z} are as in Definition 3.6 or Definition 4.7.

Second, we describe the inclusion relations between the intersections of irreducible components of the
singular fiber.

Theorem 1.2. Let k be an algebraically closed field of characteristic 2, S C A3 the surface defined
by f = x> +y’z+yz* or g = x> + ¥’z + yz> + xyz in the affine space over k, Z°, ..., Z} the irreducible
components of the singular fiber S° as in Definition 3.6 or Definition 4.7.

(a) For0<i<j<3,7Z, nzl,cZ0.

m .
(b) Forlsi,js3withi¢j,zﬁ’nmz;‘ngz,?,mz,f,,.
(¢) For 1 <i,j<3withi# j,Z, NZy S Z0NZ},
(d) Forl<i<j<3and1<1<3,72°nZ, ¢Z nZ,.

In particular, for 0 <i < j <3, Z,’;1 al Z,{1 is maximal in {Z,; N Z,{, |7,j €{0,1,2,3},i # j} with respect to
the inclusion relation if and only if (i, j) = (0, 1), (0, 2), (0, 3).

The next step would be the case of type D, with n > 5, but the calculation becomes more and more
difficult. For instance, for n = 5, the author could calculate the irreducible components of S9 only for
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m < 8 in characteristic 0 using Macaulay2 on a personal computer. In characteristic 2, the calculations
become somewhat simpler, and we hope that the case of characteristic 2 will give some insight into the
characteristic O case.

The organization of this paper is as follows. In section 2, we fix some notations on jet schemes
and rational double points in characteristic 2. In section 3 and section 4, we give a description of the
defining ideals of the irreducible components of the singular fibers of the jet schemes of type Dg- and
D}‘-singularities, and we study the intersections of the irreducible components to determine the inclusion
relations between them. Then we see that the graphs constructed as in Construction 3.17 are isomorphic
to the resolution graph of the singularity for a sufficiently large m.

Acknowledgement. The author would like to thank Nobuyoshi Takahashi for valuable advice. The
author would also like to thank the referees of the previous version for careful reading and for valuable
advice.

2. PRELIMINARIES

In this section, we recall the definition of the jet schemes and the defining equations of rational double
points in A® whose resolution graphs are of type Dy, and fix some notations.

First of all, we recall the definition of the jet schemes. For more details on jet schemes, we refer to [2].
Let k be an algebraically closed field of an arbitrary characteristic, X a scheme of finite type over k and m
a nonnegative integer. We consider the following functor FX. Let Sch/k be the category of schemes over
k and Get the category of sets. The functor F¥ is given by

FX: Sh/k - Set; Z - Homy(Z Xspec k Spec K[/, X).

The functor FX is representable, and the object representing FX will be denoted by X,, ([2, Theorem 2.2],
[3, Proposition 2.2]).

Definition 2.1. The scheme X, is called the m-th jet scheme of X.

We are interested in a neighborhood of two dimensional isolated hypersurface singularity, so we
consider an affine scheme embedded in A3 as the target space. In this case, we have the following explicit
description. Let us consider a scheme X which is embedded as a hypersurface in an affine space A>.
Then the affine coordinate ring I'(X, Ox) of X can be written in the form k[x, y, z]/{f). We introduce some
notations.

Notation 2.2. LetR,; := K[X0, ..o Xins V0o o5 V> 205 oos Zml, X = Xo+X1E++ -+ X ™,y 1= Yo+ Y11+ -+ Yt",
Z:=270+ 21t + -+ 2" € Ry [£]/¢#" ). For a polynomial f € k[x,y,z], we expand f(X,y,z) as
f(x,y,z) = f(O) + f(l)t +.-- 4 f(m)tm
in R,,[t]/¢¢"*"), where fU) € R,,. Then the m-th jet scheme X,, can be written as
X = Spec Rm/<f(0), s f("’)).
For a closed point y = (dg, ..., Gy, bg, ..., B, €0, ooy C) € A3™HD = Spec R, we also write

Y= ait, ) b, ) cif),
i=0 i=0 i=0
Remark 2.3. In this notation, Xy = Spec Ro/(f?) = Spec k[xo, Yo, 201/{f®). Thus, X, = X and so we
identify X, with X in the following.
We note the following fact.

Remark 2.4. If we give the weight i to the variables x;,y;,z; for 0 < i < m, then the polynomial f™ is
homogenous of degree n for 0 < n < m. Indeed, each term of X,y or z has the same degree in x;, y;, z;
and in ¢, and so the same holds for f(x,y,z). Moreover, £ is the coefficient of #* in f(x,y, z), hence the
claim.
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In the following sections, we consider reductions of the polynomials £’ modulo the ideals generated
by x;’s,y;’s and z;’s for different ranges of j. Hence we set up the following notation.

Notation 2.5. Let m, p,q,r € Zs. For p,q,r <m + 1, we set
qur = <XQ’ sy xp—l ,)’07 ""yq—] 910’ sy Zr—l> C RWl‘
Moreover, let
X, = xpt’ + x,,+1tp+1 + o X",
Vg = yqtq +Yge1t™ + -+ ", and
=0 + 7+ gt
(For p > m, g > morr > m, we thmk of the right-hand sides as 0.) For a polynomial f € k[x,y, z], we
expand f(X,,y,,Z,) as
f(x )= f(o) + f(l)l et f(m)tm
p>Yar Zr par T Jpgr par

in R, [1]/{(f™"), where f,ﬁgi € R,,. Clearly, ;g), € k[Xp, wver Xins Ygo -ws Y Zrs e Zm] DOIdS.

Remark 2.6. For 0 < j < m, we have

— £
[ = pgr MOd Ly,

In particular,
0
Lpgr + Qs ety ) = Lpgr + {frrs coes fon)
Next, we define the truncation morphisms. Let m,m’ € Z,g with m > m’.

Definition 2.7. The truncation morphism
mm X - Xm

is defined as the morphism induced by the natural morphism Spec k[f]/ @y - Spec k[t]/{t™+!). We
write

: (X, Ox,,) = I'(X, Ox,)

m m’ m’

for the correspondmg ring homomorphism. When X = A®, we use 7,,,» (resp. @) instead of 7

(resp. @, m,) We write 7TX (resp. @;, ) for 7TXY0 (resp. wm,()) and regard it as a morphism from X, to X
(resp. I'(X, Ox) to I'(X,,, Ox,))-

We are interested in the fiber of the truncation morphism at a singular point, so we introduce the
following term.

Definition 2.8. Let X C A3 be a surface with an isolated singular point at the origin 0 and m a positive
integer. The ﬁber 7-1(0) of the truncation morphism at the singular point is called the singular fiber and
is denoted by X

m

The following remark explains the relation between ideals in I'(X,,, Oy, ) and T((A%),,, Os),)-

Remark 2.9. Recall that

m = r((A3)m, 0(A3)m) = k[x0, ..r Xim> Y05 -+ Yms 205 +os Zm]-

Let X be V(f), i : X — (A%),, the natural inclusion and ¢,, : R, » I (X, Ox,,) the corresponding
ring homomorphism. For any I C R,, with I > (f©, .., f™) we set I := 1,,(I). Then, i,,(V(I)) = V()
clearly holds. Under this inclusion morphism i,,, X;, and its closed subschemes are identified with closed
subschemes in (A3),,.

We can describe the inverse images by the truncation morphism as follows: Suppose m > m’ and let
Z C X, be a closed subscheme defined by I ¢ I'(X,s,Ox,,), I C R,y an ideal with I > (f©, ..., f")) and
tw(I) = I. Then a defining ideal of (7rm ) 1(2) = (ﬂm ) V(D)) is wm " (I) - T(X,», Ox,) and this ideal
satisfies

@x (D) T(Xpn, Ox,) = (@ () - Ry + (FHD, f3D L fmy),

m, m’
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Hence, under the above identification, the defining ideal of (”ff:,m')_l(z) C (A, is

11 40
wmm'(l) . Rm + (f(m * ), f(m * )’ cees f(M)>
in R,,.

Throughout this paper, we identify X, and its closed subschemes with the corresponding subschemes
in (A%, by ip-

The following proposition and remark describe the inverse images of the smooth locus by the truncation
morphism.

Proposition 2.10 ([2, Proposition 2.4]). Let X, Y be schemes over k. If f : X — Y is an étale morphism,
then X,, = Y, Xy X for every m € Zy.

Remark 2.11. If X is an n-dimensional variety, then 7, : (Xsm)m — Xsm iS a locally trivial fibration with
the fiber A" by Proposition 2.10, where X, = X — Sing X. Hence 7! (Xs) is an irreducible component
of X,,, and we call it the main component.

In general, the m-th jet scheme X, is not irreducible. However, if X has only rational double points,
then X, is irreducible and consists of the main component ([4, Corollary 10.2.9]).

Next, we recall the defining equations of singularities in A3 whose resolution graphs are of type D.
In positive characteristic other than 2, a surface singularity of type D, can be defined by x> — y?z + 23,
which is the same as in the case of characteristic 0. On the other hand, in characteristic 2, there are two
singularities ([1, Section 3]): a singularity of type DY, defined by

f=x*+yz+y2,
and a singularity of type D!, defined by
g =X +y7+y7 +xyz.

In characteristic different from 2, they both give a singularity of type Dj.

To conclude this section, we give the lemmas that will be used in the following sections.

One key point in the description of the singular fibers in [7] was that £V is often of the form Ay; + B
(resp. Az; + B) where A and B do not contain y; (resp. z;) with [ > i. Hence we set up the following
notation.

Notation 2.12. Let & € R,,. The sum of the terms in / containing y; (resp. z;) with the largest index i is
denoted by T, (h) (resp. T,(h)).

Example 2.13. If h = xJ + y32o + 223, then Ty(h) = y320 + y223. If h = X3 + y3zo + y225 + yaz], then
Ty(h) = yaz’.
For any polynomials f and g, we have the following.

Lemma 2.14. Let k be a field of characteristic 2 and f, g € k[x,y, 7] be defined by f = x> + y*z + yz* and
g = x> +Y?7+yz? + xyz. Assume p,q,r € Zq and | € Zso with | < m. Then we have

) 2 2 2
[ ST S S

u>p,2u=I v2q,w=r2v+w=[ v2q,w=ryv+2w=I[
and
o _ 2 2 2
Epgr = Xy + Wiw + Wiy + XuYvZw-
u>p,2u=I v=q,w=r2v+w=l v=q,w=rv+2w=l u=pyv=qw=ru+v+w=I[

Here, if there are no u,v and w satisfying the conditions, we regard the sums as 0. Furthermore, the
following hold.

(@) Ifl<2p, 1 <2qg+randl < g+ 2r, then we have
1 =l =0.
(b) Ifl=2p, 1 <2g+randl < q+2r, then we have
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D _ D _
par = 8pgr = xf,.
(¢) If(p>)g=randl=2p = 3q, then

o _ O _ 2 2 2
paq = 8pag = Xp T ¥gZq T VqZy

d) If(p>)g=randl=3q <2p, then

O _ D _ .2 2 _
paa = 8pag = Yqlq T YaZq = YaZq(Vq + Zg)-

() Ifp>qg>randl>2p=q+2r, then

T)(fp(f])r) = Ty(g(plz)]r = yl—ZrZ,za-
&) Ifpzr>qandl>2p =2q+r, then

Tz(fzglq)r) = Tz(g(pl;r = yzzl—2q~
(&) If p>qg=randl > 3q, then

Ty(foae) = Ty(8paq) = Yi-2qZy:
(h) If p>qg=randl > 3q, then

To(fo0g) = T-(8png) = Y2212

Remark 2.15. We note that if p, g, r satisfy the above conditions (a)—(d), then there are no terms coming

from xyz in gg()],. In particular, the polynomial gﬁi’;) = xf, + yézq + yng appearing in (c) has the same
form as the defining equation f of a singular surface of type Dg. Since the Dg-type singular surface

is irreducible, gﬁfq) is also irreducible in k[x,,y,, z4]. Moreover, if p, g, r satisfy the above conditions

(e)—(h), then there are no terms coming from xyz in Ty(g%r) and Tz(g%, .

Proof. First of all, we note that
X,z, = (xpt’ + x,,+1tp+1 W A
=+ PP b P
and similarly for yg and z2, since we are working in characteristic 2.
Since f;’q), and g(,ff{,
8(Xp, Yo 2y) = xlz, + y,zizr + yqu + X,¥4Z,, we obtain

1} 2 2 2
flﬁq)r = Z Xt Z YyZw + Z Wi,

u>p,2u=I v2g,w2r2v+w=[ v2q,w=ryv+2w=I[

are the coefficient of # in the expansion of f(x,,y,,z,) = xf, + y,zizr + yqz% and

and

l 2 2 2
G = D, Kt D, Wmt ), wa+ D, o

u>p,2u=I v=q,w=r2v+w=l v=q,w=rv+2w=Il uzpy=qw=ru+v+w=[

by a direct calculation.

Before we begin the proof of (a)—(h), we note that the difference between f’ and g is the terms
coming from xyz. As we saw in Remark 2.15, the results of Lemma 2.14 are the same for f and g. Noting
that every term in (xyz)? is of the form xfly(;z’fv with i, j, k > 0 and that f© contains no such terms, it
suffices to prove Lemma 2.14 for g.

Let us prove (a), (b), (c) and (d). Note, first of all, that the lowest exponent of ¢ appearing in xﬁ (resp.
yiz,, yqu, XpYqZr)is 2p (resp. 2q +r,q +2r, p+q +71).

For (a), we only have to show that the lowest exponent of ¢ in g(X,,y,, Z,) is greater than /. By the
conditions in (a), we have [ < 2p, [ < 2g + r and [ < g + 2r, so we only have to check / < p + ¢ + r. From
the assumption, we have p > I/2 and g+ r > 21/3, and then that p + g +r > 71/6 > L. Thus g1}, = 0 holds.

For (b), again we only have to show that p + g + » > [. By assumption in (b) p = [/2 and g + r > 21/3,
sop+q+r>T71/6>L
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For (c), we have [ = 2p = 3g by assumption and xf), yzzq and yng give rise to terms x,z,, yézq and yqztz],
so we only have to show that p + g + g > I. From the assumption p > ¢, sol = 3q < p + g + q. Hence
I
g(Pqu =X+ YiZq + VeZy-
For (d), we have 2p > [ and p > ¢ by assumption, so p + g + g > 3¢q = I. Therefore,

Gq) _ .2 2 _
8paq = Ygla + YaZq = YaZgq + Z¢)

holds.
Before proving the statements (e)—(h), let us find out the terms containing y; (resp. z;) with the largest
iin (y;z,)?, (y42))" and (x,y,z,)", where we write the coefficient of #' in y}z, as (y;z,)", and so on.
First, we look at Ty((y;z,)"") (resp. T-((y,2})")) (see Notation 2.12). If < 2q + r (resp. | < g +2r), it
is obvious that (yéz,)(l) = 0 (resp. (y,22)" = 0), so we assume [ > 2¢ + r (resp. [ > q + 2r). If | - r (resp.
| — g) is even, then

Ty((yge) ™) = yL 2 (resp. To((ygz)) = Yazty)
and if [ — r (resp. [ — g) is odd, then
Ty ™) = Yiazra (resp. To((ygz)) = yq+lzi,T_, ).
Second, assuming [ > g + 2r (resp. [ > 2q + r),
Ty(y,2)") = yia, 22 (resp. To((y22)) = y2zi-2).
Third, if [ > p + g + r, then
Ty(%p¥q29) ) = xpYi-p-rzr (tesp. To((Xp¥g2)") = XpYg21-p-g);

and if [ < p + g + r, then (x,y,z,)? = 0.

Now, we prove (e) (resp. (g)). Since the terms Ty((y7z,)"), Ty((y42)") and Ty((x,y42.)") are as
above, we only have to show that / —2r > (I-r)/2 and [ - 2r > [ — p — r. First, we prove [ - 2r > (I—r)/2.
By the assumption ¢ > r and [ > g + 2r (resp. [ > 3q = 3r), so [ > 3r and this is equivalent to
Il —-2r > (I -r)/2. Moreover, p > r by the assumption. So ! —2r > [ — p — r. Thus, Ty(g(,f[)],) = V12,7
(resp. Ty(ghhy) = Vi-2g%0 = Yi-222).

By symmetry, we also have (f) and (h). O

Focusing on g, we have the following lemma.

Lemma 2.16. Assume p,q,r € Z-g and l € Zso with [ < m.

(a,g) Ifl¢2Zandl <2q+r,l<q+2randl < p+ q+r, then we have
(O]

&pgr = 0.
(b,g) Ifl=2p" withp<p',l<2g+r,l<q+2randl < p+q+r, then we have
0 _ 2
8pgr = Xpr-

The proof is basically the same as that of Lemma 2.14(a) and (b).
The next lemma is one of the key points in proving the irreducibility of certain closed subsets of the
singular fiber.

Lemma 2.17. Let S be the surface defined by f or g, S, the m-th jet scheme of S and S the singular
fiber for m > 1.
(@) IfZ C S, is anirreducible component, then codimss), Z < m+1 (or equivaelntly dimZ > 2m+2).
(b) IfZ € SY isanirreducible component, then codim s, Z < m+2 (or equivaelntly dimZ > 2m+1).

Proof. (a) The m-th jet scheme S, is defined by the ideal generated by m + 1 elements {f©, ..., f™}, so
for any irreducible component Z C S ,,,,
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codimys), Z <m+ 1.

m

by Krull’s height theorem.
(b) The singular fiber S, is defined by

0
Ly + (fO, ., f™y =Ly + <f1(1;""’ l(;nl)>

(resp. Liiy +(g¥.....") = Lis + (3(101)1’ s 81T
from Remark 2.9 and Remark 2.6. By Lemma 2.14(a), we have

0) _ (1) _ o _ MO _
Jin = Jin =0 @esp. g1y, = g5y = 0)

and S9 is defined by the ideal generated by 3 + m + 1 —2 = m + 2 elements. Thus as in (a), for any
irreducible component Z C §°

m?

codimg3), Z < m+ 2.

3. JET SCHEMES OF A SINGULAR SURFACE OF TYPE Dg

In this section, we deal with a singular surface of type Dg. First, we find the irreducible decomposition
of the singular fiber. This can be done by the method of Mourtada [7]. Next, we determine the inclusion
relations among intersections of irreducible components of the singular fiber.

For the determination of the irreducible decomposition in the Dg case, the arguments are almost the
same as in characteristic 0.

Remark 3.1. In positive characteristic not equal to 2, a singular surface of type D4 is defined by
h = x* —y’z + 2% in A®. We consider the transformation

X X,

3
ye g,%y+ Y

1 Va
i —Q/—Zy+ -

Then the polynomial f = x> + y’z + yz? is mapped to h.
LetS = V(f) € A3 be a singular surface of type Dg over an algebraically closed field k of characteristic

2, S, the m-th jet scheme of S, Sgl the singular fiber of S, and R, = k[X0, .-, Xni> Y05 --+» Yims 205 --+» Zm]-
Moreover, we set

L[Jt]r = <.X(), "oy -x[)—19y0’ st yq—l7Z07 see Zr—l)
for positive integers p,q,r € Z.o with p,q,r <m + 1.

Definition 3.2. For m > 1, we define the following ideals in R,,:

D=L+ 0 ) = Loy + (O, £,
Tp=Lon+ @)+ (O f7) = Lo + (O ),
B = Loy + On +z21) + (FO, L .
By Remark 2.9 and Ji, O L1, these ideals include the defining ideal of the singular fiber, and hence

correspond to closed subsets in the singular fiber SO.
We have the following symmetries:
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Notation 3.3. Let ¢, and ¢, be the automorphisms of R,, defined by

X; = X, X = X,
P1LiNYiP> 2, P2iYib Y
Zi = Vi, iyt

These automorphisms ¢; and ¢, induce ring isomorphisms

(‘pl)zl : (Rm)zl - (Rm)yl and ((;02))'1 : (Rm)yl - (Rln)y1~
We write the isomorphisms corresponding to @1, @2, (¢1);, and (@2)y, as Y1, ¥, (Y1), and (¥2)y,,
respectively. For simplicity, we write (¢1);,, (¢2)y,, 1)z, and (¥2)y, as @1, @2, ¥ and Y.
Lemma 3.4. (@) Form>1,i€|{0,..m)andk = 1,2, ¢ preserve f i.e.,

eu(f0) =
in R,,. In particular, the morphisms s, preserve S .
(b) Form>1,

‘pl(‘]rh : (Rm)zl) = Jrzn . (Rm)yl
and

902(Jr2n : (Rm)yl) = Jy3n : (Rm)yl-
(¢c) The morphisms @1, @2, Y1 and Yy preserve the union, the intersection and the inclusion relations

of sets.
Proof. (a) Note that the automorphisms ¢; and ¢, are induced by the automorphisms of k[x, y, z] defined
by
XX, X X,
PLiyyPz @iy,
=y, Py + 2z,

and §1(f) = x* + 22y + zy* = f and
) =2+ Y+ + 0+ 2
=X+ Y+ D +y+2)
=X +y(y+2)z = X2 +y* 2+ v,

where y + y = 0 since £ is a field of characteristic 2. Since

m m m m m m
f intl,Zyil’,ZZitl] =o(f) (Z xit', yild,ZZitl]
i=0 i=0 i=0 i=0 i=0 i=0
=f (Z (Xt Z oyt Z ‘Pk(Zi)tl)
i=0 i=0 i=0
m
= Z <P/<(f(’))t'
i=0

inR,,[1]/¢t" Y fork = 1,2, ¢, preserves the polynomials £ (i € {0, ..., m}), and the induced automorphism
Y preserves S .

(b) We can easily check that

e1((Lar + 1)) - (R)z) = Loty +€21)) - (Ry)y,

and

©2((La11 +4z21)) - (Rp)y,) = Larr + 1 +21)) - (Ry)y, -
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By the assertion (a), we have gol(J,ln “(Rm);,) = J,%, - (Ry)y, and gaz(J,%1 “(Rn)y,) = J,fl “(Rn)y, -

(c) The morphisms ¢1, ¢, ¥ and ¥, are isomorphisms, so under these morphisms, the union, the
intersection and the inclusion relations of sets are preserved. O

We will show that J!, J?

m> Y m

and J3, define irreducible components of certain open subsets of S9.

Proposition 3.5. Form > 3, the ideal J), - (R,),, is a prime ideal in (Ry,),,, and J2,- (Ry,)y, and J3, - (Ry,)y,
are prime ideals in (R,,),,. Moreover, the heights of the ideals JL Ry, JA (Rp)y, and J3 (Rn)y, are
m+ 2.

Proof. We prove that the ideal J,ln * (Ry);, 1s prime of height m + 2. Then by Lemma 3.4(b), it follows
that J2 - (R,),, and J3, - (R,),, are prime ideals of height m + 2 in (R,,),,.

m

First, we note that
Jl =L (0) my — [, (0) (m)
m = Loot + (7, s ) = Lot +{f5515 0 3017

by Remark 2.6. Then, we have
FO 2D

221 221 = J221 = Jo21
by Lemma 2.14(a) and

I
Ty(fy) = Y22t
for 4 < < mby Lemma 2.14(e). Hence there exists h; € k[x2, ..., Xy, V2, «ovs V=35 215 ---» Zm] SUCh that

)
2(2)1 = yl—ZZ% + Iy

for 4 <[ < m. Since

o1
Yi-2 + > = ) 2(21 € Jrln . (Rm)z]’
14
we have
Tt Rz = (Lot + {fgy s 1)) - (R
h I
= (LZZI + <y2 + _;’ vy Ym—2 + _2>) . (Rm)zl .
4 1
Thus the ideal J), - (R,)., is a prime ideal of (R,,),, and the height of J}, - (R,)., is m + 2. O

Let us define some ideals of R,, and the corresponding closed subsets of (A,

Definition 3.6. For m > 1, we define

10 = Loy + (£, ., ),

Ly = Jy - Ru)zy O R,

Iy = J5 - Ruy, O R,

Lo=7 - (Ry)y, NR,.
Furthermore, we define closed subsets

Zi =V()

for0 <i<3.

Remark 3.7. (a) By Proposition 3.5, the ideals I}, I2 and I, for m > 3 are prime of height m + 2,

m> “m

and the closed subsets Z,L, Z,i and an are irreducible of codimension m + 2 in (A%),,.
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(b) By Definition 3.6, we have
Z, =V({}) N D),
2, = V(2) ND(),
Zy, = V(J3) N D),

where D(h) (h € R,,) is an open subset defined by (A3),,— V((h)). Moreover, we have yi+z1 €

hence we have 1,3" = an “(Ru)y, "Ry, = an (Rm); N Ry, and therefore
Zy, = V({J;) ND@)).

(c) Form > 4, we have fz(g; = x% by Lemma 2.14(b). Hence
Zy = V(Lap + (fO, ... f™)).

Here, we note that Z},, Z2 and Z}, have the following symmetries.

m

m’ m

(@) Y1(Z0) = Z0,y1(Z)) = Z2,y\(Z2) = Z), and y\(Z3) = Z,.
(b) ¥o(Z)) = 20 ¥n(Z,) = Zy U2y = Z; and Yn(Z,)) = Z,.

o110y =10,

o1y = e1(Jh, - Ru)zy "Ry = 01(Jy - Rin)zy) N Ry = Jo - (Rin)y, N Ry
ei1) = 1y, - Ry, O Rw) = @15, - (R)y,) OV Ry = Iy - (Ri)ey O Ry = 1y,
e1(2) = 01(J2 - R)ey NRy) = 01(J2 - R)o)) N Ry = T2 (Ry)y, MRy = I

(see Remark 3.7(b)). Hence we have

i(Z0) = 20,y (Z)) = 22,y (Z2) = Z), and Y (Z}) = Z,

We can prove (b) in the same way as (a).

J3

177

m>

Lemma 3.8. Assume m > 3. The closed subsets Z°, Z\,, Z2 and Z3 are permutated by Y| and y; (see
Notation 3.3) as follows.

Proof. (a) We may think of ¢; as an automorphism of the quotient field of R,, which preserves R,, and
maps (R,,);, to (R,),, and (R,,),, to (R,,);,. Arguing as in Lemma 3.4(b) and (c), we have

O

In the following, we give the irreducible decomposition of the singular fiber S¢. First of all, we give

the decomposition of S9.

Proposition 3.9. For m > 3, we have

s0=720vuz vzZuZl.

Moreover, Z), Z2 and Z; are pairwise distinct.

m

Proof. By Lemma 2.14(a) and (b), we have

0) _ o) _
1 = fin =0,
2) _ .2

1 = X

Hence the defining ideal of 9, is

3
\/<xo,yo,Zo,xf,f(3),---,f(’")> = \/(xo,)’o,Zo,thz(li,---, 2('1”1)

Using Lemma 2.14(d), we have

2 =y +20).

).



178 Y. KOREEDA

Thus we have
S =Vx0, x1, 50, ¥1,20, [P s S0 U VX0, X1, 50, 20, 210 f P s f))
U V((x0, X1, Y0, 20,1 + 21, [P, s 7))
=V UVIZ) U V().
Since (A%),, = D(y;) UD(z1) U V(y1,21) and S9 is closed, we have

S =S N (AN =85 NDE)USH NDE) U ES), N VOL,21).
Note that V(J1,) N D(y;) = 0 since y; € J}. Thus
Si N DG1) = (V(J3) NDG1)) U (V) N D).
Similarly,
Sp N D) = (V(J,) N D)) U (V(J,) N D).
By Remark 3.7, we have
SnNDO1) =Z, V7,
and
S9ND@E) =2 uZ.
Clearly, we have S9 N V(y1,z1) = V(I9) = Z0,. Therefore,
S = V(L) N D) UVI2) NDG1) U VIR NDe) U S, N V1,21))

m
=70vuzluzZZuZz.

Finally, we check that Z!, Z2 and Z} are pairwise distinct. By Lemma 3.8, it suffices to show that
73 ¢ Z!. The jet P = (0,t,1) corresponds to the point where y; = z; = 1 and all of the other coordinates
are 0, and we see P € Z2 and P ¢ V(J}) 2 Z) . Hence Z3 ¢ 7. O

Next, we give the irreducible decomposition of the singular fiber for small m.

Proposition 3.10. For 0 < m < 4, the irreducible decomposition of the singular fiber S, is as follows.
(@) S =V(Lin),
(b) SY = V(L)
(©) §Y = V(L)
@ SY=zy0Z;0Z;,
() SY=7,0Z20Z.
Moreover, for 1 < m < 4, the codimension of any irreducible component Z C S is
codima3), Z =m+ 2.

Proof. (a) By Lemma 2.14(a), fl(?; =0,508) = V(L)

(b) By Lemma 2.14(a), f{{] = 0,50 9 = V(L;11).

(c) By Lemma 2.14(b), f) = 22,50 89 = V(Lay)).

(d) By Proposition 3.9 and Remark 3.7(a), S g = Zg) u Z31 U Z% u Zg and Z31, Z% and Z; are irreducible
and pariwise distinct. Note that J31 = Ly is prime, so 131 = J31 C Ly = Ig. Hence Z! 2 Zg. Thus the
irreducible decomposition of § g = Z31 U Zg U Zg’.
(e) By Proposition 3.9,

SY=70vzyuziuz.
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Here, Zg =S g N V(y1,z;) is not an irreducible component. Indeed, we have

Z0 = V(Lax + {fi))) = V(Ls2)
by Remark 3.7(c) and Lemma 2.14(b), and hence
codimgas), V(L322) =3+2+2 =7,

while by Lemma 2.17(b), the codimension of the irreducible component of Sﬂ is at most4 +2 = 6. Thus,
S 2 N V(y1,z1) is not an irreducible component of S 2 and, by Remark 3.7(a) and Proposition 3.9, the
irreducible decomposition of S 2 is given by

Z,VUZ;UZ].

Next lemma is one key point to prove that Z0 is irreducible for m > 5.

Lemma 3.11. (a) Form =5, Z3 = V(Lsn).
(b) Form > 6,

70 = Al x 8, .
Proof. First note that, by Definition 3.6, Remark 2.6 and Remark 3.7(c), for m > 5, Zf’n is defined by

0
10 = Lag + (fO, .., f™y = Loy + <f3(2;’ o 302”2)>

Moreover, by Lemma 2.14(a) and (b), we have

O _ o) _ ) _ g
322 322 322 :

(a) Clearly, we have I = Lz +( f;g;, s 3(2) = L3». Hence Z2 = V(Ls»).
(b) We have

6
1) =Ly + <f3(2;, v 3('2"2)>

for m > 6. As in Notation 2.5, we write X3 = x31° + x42* + - - + X, 0™, yo = 22 + y3£5 + --- + y,," and
7, = 51> + 385 + -+ + 7, and calculate f(xX3,¥2,2);

m m m m m m
(S Srse] oo By St B
i=2 2

i=3 i i= i=3 i=2 i=2

m m m
=1°f (Z xit', Z yit 2, Z Zitlz]
3 i=2 i=2

i=3
= (O3, y2,22) + fO (X3, x4, y2, 3. 22,230 + -+
t (X3, ey X3y V25 wees Yty 225 wees Tt 0 20 ),
(Note that the second equality holds because f is weighted homogenous.) We set
fél) = f(l_ﬁ)()@,...,x,_3,y2,...,y1_4,12,...,z,_4)
for 6 <1 < m, then f3(12)2 = 6(1). Hence
Z0 = V(L + (figys s fio2)
= V(L + (£ f)) = A X S 6.
O

Now, we prove that Z is irreducible of dimension 2m + 1 for m > 5. To prove this claim, it suffices to
show that S ,, is irreducible of dimension 2(mn + 1) for m > 0 by the previous lemma.
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Remark 3.12. In [4, Corollary 10.2.9], the following statement is proven: For a locally complete
intersection variety X and every positive integer m, the m-th jet scheme X, of X is irreducible if and only
if X has Mather-Jacobian canonical singularities.

We note that if X is a normal locally complete intersection variety, then the notion of Mather-Jacobian
canonical singularities coincides with the notion of canonical singularities by Proposition 10.1.10 in [4].
Hence a singular surface of type Dg is Mather-Jacobian canonical, and the above result can be applied.

For the reader’s convenience, we prove the irreducibility of S, by a direct calculation.

Proposition 3.13. (@) For m > 0, S,, is irreducible of dimension 2(m + 1) (or equivalently of
codimension m + 1 in (A3),,).
(b) Form > 5, Z0 is irreducible of dimension 2m+ 1 (or equivalently of codimension m+2 in (A%),,).

Proof. By Remark 2.11,
Sm= (ﬂgz)_](ssm) ) Sg,

and (5,)~1(S ¢m) is irreducible of dimension 2(m + 1), where S, = S — Sing S. By Lemma 2.17(a), in
order to show the assertion (a) for S ,,, it suffices to show that dim S < 2m + 1.

For 0 < m < 4, this holds by Proposition 3.10. Thus (a) holds for 0 < m < 4.
Before proving the statements for m > 5, we note that, by Proposition 3.9, we have

st =720vuzluzZuZ,

m

and, by Remark 3.7, Z!, Z2 and Z, are irreducible of dimension 2m + 1. Thus it suffices to show that the
remaining part of S, i.e. Z0, is irreducible of dimension 2m + 1 for m > 5, i.e. the statement (b).

For m =5, we have Zg = V(L3p;) and Zg is irreducible of dimension 3(5+ 1) -7 = 11(=2Xx5+ 1) by
Lemma 3.11(a). Thus S5 is irreducible of dimension 12.

For m > 6, we assume that (a) holds for S,, with 0 < m’ < m and show the assertion for S,, and
7. By Lemma 3.11(b), we have Z0 = Al x S,,_¢. By the inductive hypothesis, S ,_¢ is irreducible of

dimension 2(m — 6 + 1) = 2m — 10. Hence Z?n is irreducible of dimension
dim Z% =dim A'' xS, ¢ =11+ (2m—10) =2m + 1

Thus S, is irreducible of dimension 2(m + 1). ]

Now, we give the irreducible decomposition of S for m > 5. In the following theorem, note that the

number of irreducible components of the singular fiber is constant.

Theorem 3.14. For m > 5, the irreducible decomposition of the singular fiber S° is given by
SV =20vzl vzt uZ.

Proof. First of all, we note that, for 0 < i < 3, the closed subsets Zf,, are irreducible of dimension 2m + 1
by Remark 3.7 and Proposition 3.13(b). Moreover, by Proposition 3.9, we have

SV=20vuz)uZZUZ)

m m

for m > 5. Hence all that remains is to check that Z!, are pairwise distinct for 0 < i < 3. Form > 5, we
have Z?n N (D(y;)UD(z1)) = 0 while Zﬁn NMDHUD(z)) #0forl1 <i<3,s0 Z,(,)l is different from Z,ln, Z,zn

and Z> . Moreover, by Proposition 3.9, Z!, Z2 and Z3 are pairwise distinct. This completes the proof. O

? m> m

In the following, we determine the inclusion relation between the intersections of two irreducible
components of the singular fiber of a singular surface of type Dg.

Theorem 3.15. Let k be an algebraically closed field of characteristic 2, S C A> the surface defined by
f = x* +y*2+ yz? in the affine space over k, S° the singular fiber of the m-th jet scheme S ,, with m > 5
and 70, ..., Z3 its irreducible components as in Definition 3.6.

me *

(a) For0<i<j<3,7Z nzl,cZzp.

m



JET SCHEMES OF SINGULAR SURFACES IN CHARACTERISTIC 2 181

(b) For 1 <i,j<3withi# j Z4NZ, ¢ Z5NZ,
(¢) For 1 <i,j<3withi# j,ZL,NZy CZ0NZ}
(d) For1<i<j<3and1<1<3,720nZ, ¢ 7 nZ),.

In particular, for 0 <i < j <3, an al Z,{1 is maximal in {Z,’;, N Z,J,', |7,j €{0,1,2,3},i # j} with respect to
the inclusion relation if and only if (i, j) = (0, 1), (0, 2), (0, 3).

Remark 3.16. Over algebraically closed fields of characteristic 0, the same statment was proved in [5,
Theorem 3.17].

Proof. (a) By looking at the dimensions, we have z,?, N Z,{i c ZBL for j = 1,2, 3. Hence the assertion holds
if i = 0, so we may assume that (i, j) = (1,2) by Lemma 3.8. From the definitions of Z! (Definition 3.6),
it suffices to check that /I, + I2 2 I3, By the definitions of the ideals J}, and J%, we have y; € J} and

m = "m* m>

71 € J2, hence /J}, + J2 2 Lyy. Therefore I}, + 12 2 +/J}, + J% 2 I2. By looking at the dimensions,
we have Z} N 72 ¢ 79,

m

(b) By Lemma 3.8, we only have to show that Z)nZ} ¢ Z% NZ2. Letus consider the jety = (0,0,£%) € S ,,.
We prove the following two claims:

(i) yeZ,nZ,
(i) y ¢ Zo, N Z.
(i) We can easily check that y € Z9 by Definition 3.6. Let us consider the family
v := (0,0, st + 1%) for s € k.
If s # 0, then we have y, € V(J}) and y; € D(z;). Thus, taking the Zariski closure of V(J}) N D(z;), we
have yo € V(J}) N D(z1) = Z1..

(ii) We show that z, € /I, + I2, and then y ¢ Z0 N Z2. By Lemma 2.14,
5 2 2 2 2 2 2
2(1; = Z Xy T Z YoZw + Z Wy = V133 T 1%, =)’1()’1Z3+Zg)~
u>22u=5 v>1,w>22v+w=5 v>1,w>2,v+2w=5
Then we have y;z3 + zg € J,zn “(Ru)y, "Ry, = I,%l, SO

2 _ 2 0 2
L=+ Oz +z5) €L, + 1

m*
Hence we have z, € /I + I2 and y ¢ Z° N Z2. Therefore, we have Z° N Zi, ¢ Z% N Z],, or equivalently
70 nZi ¢ Zl, fori,je{1,2,3) withi # j.

(c) By the assertion (a), we have Zi N ZJ, € Z0 N Zi fori,j € {1,2,3} withi # j. IfZ, nZ), =720 nZ. ,
then

720z =729n7 Nzl c7’nZzi,
a contradiction to (b). Thus, Z/, N Z}, € Z% N Z!,

N Z,];,, then

m

(d) Take any i, j,/ € {1,2,3} with i # j and j # [ (not necessarily i # [). IfZSl nz cz
7220zl cZ°nzinzlcz20nzl,
a contradiction to (b). Hence Z N Z!, ¢ Zi N Z) O

Now we define a graph I from the information of S as follows.

Construction 3.17 ([5, Construction 2.15]). The graph I'(S 9n) = (V, E) is constructed as follows.
e V is the set of irreducible components of S9.
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e E is the set of all maximal elements of {Z}, N Z)1i,je{0,1,2,3),i # j},and Z\, N Z}, € E
connects Zi, and Zj,.

In other words, there is given an edge between Z, and Z',L if and only if Z! N Z',’;L is maximal among the
intersections of two distinct irreducible components.

Corollary 3.18. Fora singular surface S of type Dg andm > 5, the graph T'(S %)) obtained by Construction
3.17 is isomorphic to the resolution graph of S.

Proof. By Theorem 3.14 and Theorem 3.15, I'(S?) is the pair of V = {Z0,
E={Z0n2Zz},7% nZ2,7% N Z}}. Hence I'(SY) can be described as

m>“~m m>“~m m

Z\,72,73} and

Z2

m
zZ, —17,
Zy,
which is a Dynkin diagram of type Dj. O

4. JET SCHEMES OF A SINGULAR SURFACE OF TYPE D}t

In this section, we prove the statements of Theorem 1.1 and Theorem 1.2 on the singular surface of
type D}‘. The proof goes mostly in the same way as in [7] and Theorem 3.14, but we need more elaborate
analysis to show that Z0 is irreducible.

Letg = x> +y’z+yz> +xyzand S = V(g) C A3, which has a singularity of type D}‘ at0 ([1, Section 3]).
Furthermore, let R, = k[X0, ..., Xi> Y05 -+» Yims 205 -+-» Zm)s S m the m-th jet scheme of S and 521 the singular
fiber of S,,. Here, we note that the equation g = x> + y?z + yz> + xyz is not weighted homogenous, and
hence a certain part of the arguments of Mourtada [7] does not work in this case. More specifically, we
used the fact that the equation is weighted homogenous to prove Lemma 3.11(b), but in this case we cannot
use this idea. In this section, we focus on certain subsets of Z0 and their dimensions (or equivalently
codimensions) to prove the irreducibility of Z0.

Let the ideal qur = {xp, wees Xp—15 Y05 -5 Yg—15 20> s Zr=1) C Ry = Kk[X045 ooy Xints Y05 +os Yits 205 -5 Zin] fOT
0 < p,q,r <m+ 1 be as in the previous section.

Definition 4.1. For m > 1, we consider the following ideals in R,,;:
Tu=Lon+ 0 (€Y 8™) = Loy + (€Y, g™,
Jr = Loy +4z1) +(g0,..8") = L + (g, ... g™,
Ty = Loy + (1 +21) + (89, ... g™).

By Remark 2.9 and J,"n D Ly fori = 1,2,3, these ideals include the defining ideal of the singular
fiber, and hence correspond to closed subsets in the singular fiber S .
We have the following symmetries:

Notation 4.2. Let ¢; and ¢, be the automorphisms of R,, defined by

Xi = Xi, Xi = Xi,
@1 3Yi P s ©213Yi 7 Vi,
Zi & yi, i Xty tz.

These automorphisms ¢; and ¢, induce ring isomorphisms

(Spl)zl :(Rm)zl - (Rm)yl and (‘;02)y1 :(Rm)yl - (Rm)yl-
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We write the isomorphisms corresponding to @1, @2, (¢1);, and (¢2)y, as Y1, ¥, Y1), and (Y2)y,,
respectively. For simplicity, we write (¢1);,, (¢2)y,, 1)z, and (¥2),, as @1, @2, ¥ and Y.

Lemma 4.3. (@) Form>1,i€{0,...m}and k = 1,2, i preserve g¥ i.e.,
ei(g?) = g¥

in R,,. In particular, the morphisms s, preserve S .
(b) Form>1,

QOI(Jyln : (Rm)zl) = ],%1 . (Rm)yl
and
©2(Jo - Runly) = T3, - (Rn)y,.

(¢c) The morphisms @1, @2, Y1 and Yy preserve the union, the intersection and the inclusion relations
of sets.

Proof. The proofs of the assertions (b) and (c) are the same as those of Lemma 3.4(b) and (c), so we only
check the assertion (a).
Note that the automorphisms ¢; and ¢, are induced by the automorphisms of k[x, y, z] defined by

XX, XX,
PI=1yP 2z, @2r1=4y— Y,
Py, I Xx+y+z,

and g1(g) = x* + 22y + 2y + xzy = g and
90_2(g)=x2+y2(x+y+z)+y(x+y+z)2+xy(x+y+z)
=x2+y(x+y+z)(y+(x+y+z)+x)
=x2+y(x+y+z)z =g,

where y + (x + y + z) + x = 2x + 2y + z = z since k is a field of characteristic 2. In the same way as
in Lemma 3.4(a), ¢ preserves the polynomials g (i € {0, ...,m}), and the induced automorphism
preserves S . o

Now, we prove the following lemma. This lemma is one key point to prove that Z' s (these will be
defined in Definition 4.7) are irreducible for 0 < i < 3.

Lemma 4.4. Form, p,q,r € Z.o with m > 2p, the following hold.

@ If p>gq>rand2p = q+2r, then (S,, N V(Lyg)) ND(z,) is irreducible and has codimension
m—-p+qg+r+1l=m+p—r+1lin(Ad),.

(b) If p>r>gqand2p =2q+r, then (S,, N V(Lyy)) ND(y,) is irreducible and has codimension
m—p+qg+r+l=m+p—q+1in(Ad),.

(¢c) If p>q =rand2p > 3q, then

Gy V(quq + <yq + Zq))) N D(yq) =EmnN V(quq + <yq + Zq))) N D(Zq)

holds, and this set is irreducible of codimensionm + p — q + 1 in (A%),,.
(d) If p>q=rand2p = 3q, then

(Sm N V(Lpgg)) ND(yg) = (S N V(Lpgq)) N D(zg)

holds, and this set is irreducible of codimensionm — p +2q+1 =m+p—q+ 1 in (A),. If
furthermore m = 2p, then

(Sm N V(Lpgg) ND(g) = Sm N V(Lpgg) = V(Lpgq + (g%’f,))).
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Proof. Before proving the lemma, note that
S0 V(qur) = V(qur + (8(0), ey g(m)>) = V(qur + <g(p(2r, s g(pn;)r»
by Remark 2.6.
(a) By Lemma 2.14(e), for an integer [ satisfying 2p < [ < m, there exists a polynomial
o e k[xp, wees XI5 Vs eees VI=2r—15Zrs o+ z;7] such that
gg()p = yl—2rZ% + h(l)~

On the other hand, if / < 2p, then we have [ < 2p = g + 2r < 2¢g + r. Hence by Lemma 2.14(a), g%r =0
and (S, N V(L)) ND(z,) is defined by

© ) hp) h@p+1) Jm)
(1) (qur + <g s 8 " >) ' (Rm)zr =Lpgr - (Rm)z, + <y2p—2r + 2_2, Yop+1-2r + Z2 seees Ym=2r t Z_2>
r r r

in D(z,) € (A%),,. This ideal is prime of height p+g+r+(m—-2p+1)=m—-p+q+r+1=m+p-r+1.
Therefore, (S,, N V(L,4-) N D(z,) is irreducible of codimension m + p — r + 1.

(b) Using the automorphism ¢;, we see that (b) follows from (a).
(c) First, we note that y, = z, holds on S, N V(Lpgq + ¥y + 24)), 50

YEWS N V(Lpyy + g +2,0)) NDGy) © v €S NV (Lpgy + (g +240) ND(zy).

Hence we have

Smn V(quq + <yq + Zq>)) N D(Yq) =lun V(quq + <yq + Zq))) N D(Zq)~

Next, we prove that the closed subset (S, N V(Lpgq + (vq + 24))) N D(y,) is irreducible of codimension
m+p—q+1. Itis enough to show that (L4, +(yq+zq)+(g(0), g(’")))~(Rm)yq is prime of height m+p—g+1.
Let us look at g\l for / with [ < m. If I < 3¢, then [ < 3q < 2p. So g\, = 0 by Lemma 2.14(a). If = 3q,
then gh? = y2z, + y,z2 by Lemma 2.14(d), and g5yt) € (y, +z,). Finally, if 3g < I < m, T.(g5,) = Y2212

by Lemma 2.14(h). So there exists a polynomial 1) € k[X,y, ..., Xin, Ygs --es Yims Zgs -+-s Z=24-1] such that

g(p};q = y%]Zl—Zq + h(l)-
Therefore, (S,, N V(Lpgq + (vq + 247)) N D(y,) is defined by
(Lpgq + (g +2¢) + (€Y, . &™) - (Ru)y,

JHBa+D hBa+2) hm
=(quq + <yq + Zq>) ' (Rm)y[, tA\Zg41 t+ 5 4g+2 + 5 o im-2q + 5
Yq Yq Yq

and this ideal is prime of height p+ g+ g+ 1+ (m-3q) =m+p—q+ 1.

(d) First, we prove the following claim.

Claim 4.5. (S,, N V(L,q)) N D(y,) is irreducible of codimension m + p — q + 1.
We think of the defining ideal L, + @O, ... g™ of §, N V(Lyy) as
Lpgy + (g9, ..., gy 4 (gD oMy,
By Lemma 2.14(a) and Lemma 2.14(c),
Lpgg + (80, . 8%7) = Lygg + (gpa)-
with gfq’if = xlz, + yﬁzq + yng and by Notation 2.5,

2p+1)
{gpql:;— > "'7g§)r231} c k[xp’ ""xm’yq5 -'-,}’m,z(p sy Zm]‘
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Now, we consider the following residue ring:

2p)
Q = k[-x()’ cees Xps Y05 o005 Y5 205 -5 Zq]/<x0, cees Xp—15Y05 ++05 Yg—15205 +++5 Zg— 17gpq1:1>

= k[Xp, Vg 2g1/80D.

Since g%’;) is irreducible in k[x,, 4, Z,] by Remark 2.15, this ring is an integral domain. Since

Qm = Q[-xp+l’~'-’xm7yq+l3""ym’zq+l" ’Zm]
~ )
=Rm/(<x05""x])—lay07"-’yq—]5Z05" Z(/ lagpp >)

Lpgq + <gp2qq> is prime of height p+q+q+1=3p—q+1 and the claim holds if m = 2p. Moreover, we
have y, & (g5r)) and Ly, + (g) is prime, 50 (S N V(Lpge)) N DY) = S N V(Lpgy).

2p+1) (m)
pag >+ 8paq

@2p+1) (m)

In the following, we assume m > 2p. Let g pag >+ 8paq

and y, be the images of g

and y, by the natural surjection R,, — Q,. What we have to show is that (gﬁ,qu;ﬂ), ,8%2;> (Om)y;

is prime of height m — 2p. Here, we note that y, # 0 in Q,, since y, ¢ (gﬁ,zq’;) ) and that Qs is also
an integral domain. Assume 2p + 1 < [ < m. Then we have [ > 2p + 1 > 2p = 3¢q. Hence there
exists A € QlXpi1s woes Xis Vg1 oes Vis Zgi1» --es U-2g-1] such that g(’f;q = V42124 + K" by Lemma 2.14(h).
Therefore, from
2p+1) 2p+2) (m)
2p+1 h h h
< E}qpq—*— )a ,g(p@]) (Qm)yq <Z2p 2g+1 + TZ’ZZp—Zq+2 + T o Im-2q + TZ>’
Yq Yq Yq

it follows that (g(pzq’;“), - g(pn(z

(Qm)ﬁ = Qyj[xp+1’ coos Xiis Y1 ooos Yims Lg+15 +ees Zm]-

) - (Qm)y; 1s prime of height m — 2p in

This proves the claim.
Finally, we prove

(Sm N V(Lpgg)) ND(yg) = (S N V(Lpgq)) N D(z).

Note that the right-hand side is also irreducible by the symmetry. From g(0,7,¢7) = 0, it follows that
(0,19,19) € (S, N V(Lpgy)) N D(y,z,). Since an irreducible closed set is the closure of its nonempty open
subset, we have

(Sm N V(Lpgg)) N D) = (S N V(Lpgg)) ND(yzg) = (S N V(Lpgg)) N D(zy).

O

Corollary 4.6. Form > 3, the ideals J),-(Ry),, J2+(Rn)y, and J3-(R,)y, are prime, and the closed subsets

V(L) ND(z1), V(J2) N D(y) and V3N D(y,) are irreducible of dimension 2m + 1 (or equivalently of
codimension m + 2 in (A%),,).

Proof. For m = 3, it is easy to see that J1, J2 and J; are prime of height 5. For instance, by Lemma
2.14(a), fz((z)i 2%)1 = 2(?1 2(2 = 0. Hence J; 1 = Ly, is prime of height 5. Similarly for Jg and J;.

For m > 4, we apply Lemma 4.4(a) with p = ¢ = 2 and r = 1 to show that V(J}) N D(z;) is irreducible
of codimension

m+2—-1+1=m+2.

We see that J! - (R,,),, is prime from (1) in the proof of Lemma 4.4(a).

Using Lemma 4.3(b), we also see that J,zn “ (Rip)y, and an * (Ryp)y, are prime and V(J2) N D(y;) and
V3N D(y;) are irreducible of codimension m + 2. O

Now we define ideals in R,, that will turn out to be defining ideals of the irreducible components of
SO form > 5.
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Definition 4.7. For m > 1, we define
I) =Ly + (g7, ....g"),
I =Jh - (Rp)y N Ry,
12 = J% - (Ry)y, NR,,

m

3 3
L, =J, - (Ry)y, NRy.

Furthermore, we define closed subsets
= V(1)
for0 <i<3.

Remark 4.8. By Lemma 2.14(b), we have fz(g; = x%. Hence, if m > 4,

= V(Lan + (€7, ... 8")) = S N V(Lan).
Assume 2p = 3g and m > 2p. By Remark 2.6 and Lemma 2.14(a),

(0) (m)y _ (0) m)y\ _ 2p) m)
Lpgg +€875 28" = Lpgg + (pgg» - ’gpqq> Lpgq +<&paq s - ’gpqq>

The same arguments show that

Lpgq + g©,...g% ™y = Lpyq-

Lemma 4.9. Form > 5, Z0 is irreducible of dimension 2m + 1 (or equivalently of codimension m + 2 in
(A)).
The strategy of the proof of this lemma is as follows: Let u = [m/6]. We decompose Z° into
0N (V(L3,,,,,,) N (D(y,) U D(zur))) for u’ < 2u and Z% N V(L3 2,2,) and calculate their codimensions.
The codimensions of the former are calculated in the same way as in Lemma 4.4. As for the latter, we
calculate these sets in Proposition 4.10. On the other hand, we have an upper bound for the codimension

of the irreducible components of Z°. Then we can argue as in [6] to conclude that Z? is irreducible.
Before proving Lemma 4.9, we show the following proposition.

Proposition 4.10. Let p,q and u be positive integers with p = 3u and q = 2u, and assume
2p <m < 2(p+3). We set
= V(quq + (g(pquq)v . »gpq3]>) =S,N V(quq)a
m = V(Lp q+1,q+1 + <g,, q+1 q+1a . ,g;,mq)+1 q+1>) = Sm N V(Lp,q+l,q+l)a

Win := V(Lpi2ge2ge2 + (g p+2 G+2,q+2° ’g;ﬁ)z q+2, q+2>) = Sm N V(Lpi2gi24+2)-

(a) The codimension of the closed subset W, in (A®),, is greater than m + u + 1.
(b) The codimension of the closed subset V,, in (A3),, is greater than m + u + 1.
(¢) U, is irreducible of codimension m + u + 1 in (A3),,, and

Up=©Enn V(quq)) N D(yq) =lSun V(quq)) N D(Zq)-

Proof. We fix u (and p, ¢), and deal with the cases m = 2p,2p + 1,...,2p + 5 in order.
(a) The cases m < 2p + 3. By Lemma 2.14(a), we have

@p) NG FA% )
gp+2,q+2,q+2 - gp+2 q+2,g+2 — =0.
Hence
(m)
Lp+2 q+2,q+2 + <g‘,,+2 q+2,q+2° 0 g1,+2 g+2, q+2> Lp+2,q+2,q+2
and

codimysy Wy, =p+2+qg+2+q+2=Tu+6>Tu+4>m+u+1.



JET SCHEMES OF SINGULAR SURFACES IN CHARACTERISTIC 2
_ (2p+4) —_ 2
The case m = 2p + 4. By Lemma 2.14(b), 8pi2giagr2 = Xpiar Hence
_ 2 _
W2p+4 = V(Lp+2,q+2,q+2 + <)Cp+2>) = V(L1)+3,q+2,q+2)~
Thus, Wy,,.4 is irreducible of codimension

P+3+q+2+g+2=Tu+7>Tu+5=Q2p+4) +u+ 1

in (A%),.
The case m = 2p + 5. We note that
_ 2p+5
W2p+5 = (ﬂ§p+5,2p+4) l(VVZp+4) = V(Lp+3,q+2,q+2 + <g§,f3fq_),_2!q+2>)-
By Lemma 2.14(a), gff;;iz 2= 0. Hence W»,,s is irreducible of codimension

PH3+q+2+q+2=Tu+7>Tu+6=Q2p+5) +u+1
in (A®),,. This completes the proof of (a).

(b) The case m = 2p. By Lemma 2.14(b), gf;’il 4+1 = X5 Hence

V2p = V(Lp,q+1,q+l + <)C]27>) = V(Lp+1,q+l,q+l)
and V,, is of codimension p+1+g+1+g+1=Tu+3>Tu+1=2p+u+1.
We note that, form > 2p + 1,
_ 2p+1
Vin = (ﬂ-;gnyzp) 1(V2p) = V(Lp+l,q+1,q+1 + <g§7fﬁqll,q+l’ ceey g(pnj_)l’q_,.l’q_,.l»-

(2p+1)

The case m = 2p + 1. By Lemma 2.14(a), 8pilgil gl

= 0 and V3, is of codimension
p+tl+g+l+g+1=Tu+3>Tu+2=0Lp+1)+u+1l.

The case m = 2p + 2. By Lemma 2.14(b), gff;r;ll gl = xfm. Hence

V2p+2 = V(Lp+1,q+l,q+l + <X§7+] >) = V(Lp+2,q+l,q+1)

and V5,42 isof codimension p+2+g+1+qg+1=Tu+4>Tu+3=0Q2p+2)+u+1.

The case m = 2p + 3. By Lemma 2.14(d), gffijllyqﬂ = Yg+12¢+1(¥g+1 + Z¢+1). Hence

Vapss = V(Lpiogitgrt + Ogr12g41 Vg1 + Zg41)))
= V(Lp+2,q+2,q+l) ) V(Lp+2,q+l,q+2) ) V(Lp+2,q+1,q+1 + <yq+1 + Zg+1 >)
Thus
codims), Vopiz =Tu+5>Tu+4=02p+3)+u+1.

The cases m > 2p + 4. Since
Vin = (70, 503) ™ (Vapsz) =
SN V(Lpi2g124+1)) YU (S N V(Lpi2,gi1.g+2) U (S N V(Lpiagitgrt + Yge1 + 2441)))
and (A%),, = D(vg+1) UD(2441) U V(yge1, 2441), we have
Vi = S 0 VLpragrzgrD) 1DGCgen) U S N V(Lpizgeige) N D0gen) U

SNV Lpagiiget + Ygr1 +24+10) N Dys1) U

SNV Lpiogirge + Vgr1 + 2g+10) N D(2ga1) U (Viy N V(¥gat, 2g41))-
Note that V,, N V(y4+1,24+1) = W, By Lemma 4.4(a), (b) and (c) and the statement (a) above,

COdim(A3)m Va>m+u+1.

187
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This complete the proof of (b).
(c) Since (A%),, = D(y,) UD(z,) U V(y,,2,) and U, is closed, we have

Up=Upn (A =Uyn NDG,) U U, ND(zy) U Uy N V(g 29))-
By Lemma 4.4(d), we have

U, "D, = Uy, ND(zy)

and Umﬁ—l)(yq) is irreducible of codimension
m+p—q+l=m+u+1

in (A%),,. Moreover, we have U,, N V(y4,24) = Viu. By the assertion (b), we have
codimgs) Vp, >m+u+ 1.

We note that U, is defined by the ideal Ly, + (gfq’;) s ees g%ﬂz), which is generated by

ptq+gq+(m-2p+1)=m+u+1
elements. Thus, by Krull’s height theorem, V), contains no irreducible component of U,,. Hence
Uy = Un DOy
is irreducible of
codims), Uy =m+u+1.
This complete the proof of (c) and the proof of the proposition. O

Proor or LEMMA 4.9. First, we consider the case m = 5. Then we have
Zy, = V(L)

by Remark 4.8, and this closed subset is irreducible of codimension 3 +2+2 =7 =m + 2.
Next, we prove the statement for m > 6. Let u be the positive integer with 6u < m < 6(u + 1). If
u = 1, then by Remark 4.8 and Proposition 4.10, Z0 = V(Lz, + (g7, ...,g"™)) = U, is irreducible of
codimension m + u + 1 = m + 2. Hence this case was proven. In the following, we assume u > 2. We
note that V(L) is equal to
2u—1
U (V(L?),u',u') N (D(yu’) U D(Zu'))> U V(L3,2u,2u)~
u'=2
Since Z?n can be written as Z?n N V(L3y,) by Remark 4.8, it is the union of the following sets:
@) Yy = 2 0 (V(Lauwar) 0 (D) UDG))) (0 = 2.3, 2u = 1),
(B) Y2u = Z;(1)1 N V(L3,2u,2u)-
Now, we will see the following claim.

Claim 4.11. (@) Y is irreducible of codimension m + 2 in (A3),,.
(b) Foru =3,4,..,2u, Y, is of codimension greater than m + 2 in (A,

Note that Lz + (g©, ..., g™) = Ly + (g%, ..., %) by Remark 2.6 and by Remark 4.8. This ideal
is generated by 3 + 2 + 2 + (m — 5) = m + 2 elements, so we see that any irreducible component of
ZST = V(I,%) is of codimension at most m + 2 in (A%),,. Thus if we can prove the above claim, then the
proof is complete.

Before proving the claim, we give another set of defining equations of Z0 NV (L3 ) foru’ = 2,3, ..., 2u.
Note that

Zi(7)1 N V(L3,u’,u’) = V(L3,u’,u’ + <g(6) . (m) >)

3 "’g3u’ 74
', U
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by Remark 4.8. Let us show that

6 6
2 \/LS,u’,u’ + <g(3,l),,u,, ooy gg?;),’uJ \/L|’3u’/21,u’,u’ + <g(3,3,,,u,, ooy gg,',?,,u)

(6) (m)
JLI'SM’/Z-\,M’,M’ + <g|'3u//2]yu/‘u/ 5 ey 8[3,4//2]’”/’”/ >~

For the case 1’ = 2, then [31’/2] = 3 and hence the assertion holds.
For the cases u’ > 3, it is suffices to show that

6
X2 € \/L3,u',u' + <g(3,2,,u,, e g(ﬁ,),,u,)

forl/ = 6,8, ...,2([3u’/2] — 1). We prove this by induction. If / = 6, then = 6 < 9 < 3u’ (< m) and hence
gééz, v = x% by Lemma 2.14(b), and hence

6
x3 € \/L3,w,w (8 e 8a -

For [ > 8, we assume that

6
Xy € \/LB,u’,u’ + <g(3j,,,,,, ...,gé’,’;f,,u»

holds for even integers I’ < I. Then we have

\/L3,u’,u’ + <g(36,,),/,uu ---,8(3'?;)/,,,/) = \/Ll/Z,u’,u’ + <g§f§,w ---,857;),,,/,“,)-
Since /2 < [3u’/2] < 2u’ for v’ > 0, we have
[<2(3u/ /21 - D <2(Bu’' + 1D/2-1)=3u"+1-2=3u" -1 <3u (< m).
Hence we have

() _ .2
81200 = X2

and

6
Xi2 € \/Ll/Z,u’,u’ + (gg/;,u,,u,, '"’3572“',“'>'

Therefore, we have

6
X1 € \/L3,u’,u’ + (géy,i,,u,, ---,8(3',7,?/!”)

forl=6,8,...,2([3u’' /2] — 1) and (2) holds.
Now, we prove the statements (a) and (b) of the claim with ' # 2u. If «’ is even, then, for u”’ = u’/2,
we have

6
Z0, N V(L a) VD) = V(L 2 2 + (& sir s -+ 8o g aaer ) N DG,

6
Zl?’l N V(LS,M’,M’) N D(Zu’) = V(LSM”,ZM”,ZM” + (gg,},,z,,,,zw,, ceey 8(3’;1,),’2,4,,’2“,, >) N D(ZZu")

by (2) and these sets coincide and are irreducible of codimension m — 3u” +2Q2u”")+ 1 =m+u” + 1
by Lemma 4.4(d) with p = 3u” and ¢ = r = 2u”’. Hence, if v’ = 2, i.e., u” = 1, then this set is of
codimension m + 2. If ' > 4 i.e., u” > 2, then this set is of codimension m + u”” + 1 > m + 2. Thus, the
case in which u’ is even is complete.

Next, if #’ is odd, then we have

Zy N V(Lswa) = VL 0 + (85 m

3u+1 200 g}u’+]
4 =l
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by (2). By Lemma 2.14(a) and (d) with p = 3u’ + 1)/2,q = v’ and r = ', we have ghm . =0for
I <3u and g&?f‘j v = Vil O+ 2w). Thus

Z5 Vs = | (V(LWTH v ,>+<g§i“j", o ,gﬁ’j}{, / />))

' u
i=1,2,3

where hy, | =y, hyo =z, and by 3 =y, + 7. Therefore,

ZI(‘I‘)Z N V(LS,u’,u’) N D(yu’)

3u'+1
= U V(LWTH»M/,M’ + <hu',i> + <g(3u"l+1 u)’ PERL 8(::1)“ o ,>) n D(y”’)
5wy 7

i=2,3

and both summands are irreducible of codimension m + p — ¢ + 1 > m + 2 by Lemma 4.4(b) with
=Q@u +1)/2,qg=u"and r = ' + 1 and Lemma 4.4(c) with p = 3u’ + 1)/2 and ¢ = r = u’. By the
symmetry, we have the same conclusion for

Zn N V(Ls ) N D).

Hence, for 2 < u’ < 2u — 1, Y,/ is of codimension greater than m + 2. Thus, the case in which «’ is odd is
complete.
Finally, we prove (b) with «’ = 2u. By (2),

0 6
Yo, = Zm N V(L3,2u,2u) = V(L3u,2u,2u + <g(3u),2u,2u’ . 78(3’:)2u 2u>)'

Then this closed subset is irreducible of codimension m + u + 1 by Proposition 4.10. Furthermore, we
have u > 1 by assumption. Hence Y3, is of codimensionm +u + 1 > m + 2. O

We remark on the symmetries of the irreducible components of the singular fiber.

Lemma 4.12. Assume m > 3. The closed subsets Z°,Z\ 7% and Z; are mapped to another by y, and
Y (see Notation 4.2) as follows:

@) v1(Zy) = Zp, 01(Zy) = Zy, 91(Zp) = Zy, and Y1 (Zy) = Z,,.

(b) Y2(Zy) = Zy, Y2(Z,) = Z,,, Y2(Z3) = Z;, and Y(Z;) = 7,

m

By Lemma 4.3, we can prove this lemma in the same way as Lemma 3.8.

Proposition 4.13. For m > 3, we have

S0 =720vuz uZZuZ3.

m

Moreover, Z) 22 and Z3 are pairwise distinct.

m’

By Remark 2.15, the assertions in Lemma 2.14 (a) — (h) are the same as f and g. Hence the proof of
this proposition is the same as that of Proposition 3.9.

Now, we give the irreducible decomposition of the singular fiber S . The following proposition gives
the irreducible decomposition for small m.

Proposition 4.14. For 0 < m < 4, the irreducible decomposition of the singular fiber SO, is as follows.
(@) S§=V(Lin),
(b) SO V(Lin),
(©) 89 = VL),
(d) S° ZyVZ3uZ3,
(e) SO Z' uz2uz*
where Z!’s are as in Definition 4.7. Moreover, for | < m < 4, the codimension of any irreducible
component Z C S9 is

COdim(AB)m Z=m+?2.
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This proposition can be proved in the same way as Proposition 3.10.

Theorem 4.15. For m > 5, the irreducible decomposition of the singular fiber S9, is
sV =720vuzl vuZZUuZ3,

s

where Z:’s are as in Definition 4.7.

Proof. By Proposition 4.13,
§0=720vuzl uzZZuZ:.

Moreover, by Corollary 4.6 and Lemma 4.9, Z%, Z!, 72 and Z3 are irreducible of codimensions m + 2 in
(A3),,. Hence we only have to show that Z! , for 0 < i < 3, are pairwise distinct.

For m > 5, we have Z,?l N (D(y;) UD(z1)) = 0 while an N(DH)UD(zy)) #0for 1 <i<3,s0 Z?n is
different from Z!, Z2 and Z3. Moreover, by Proposition 4.13 Z}, Z2 and Z> are pairwise distinct. This
complete the proof. O

m

To conclude this paper, we prove the following theorem on the jet schemes of D}l—singularities, which
is analogous to Theorem 3.15 and the characteristic O case [5, Theorem 3.17].

Theorem 4.16. Let k be an algebraically closed field of characteristic 2, S C A? the surface defined by
g = x> + y*2+yz* + xyz in the affine space over k, SO, the singular fiber of the m-th jet scheme S ,, with
m>5andZ0,..,73 its irreducible components as in Definition 4.7.

(a) For0<i<j<3 27 nz, cZ0.

(b) For1<i,j<3withi+j Z°NnZ ¢Z7°nZ,.

() For 1 <i,j<3withi# j, Z., nZ, cZ°nZ

(d) Forl<i<j<3and1<1<3,20nZ, ¢ 7 nZ),

In particular, for0 <i < j<3,Zi N Z,'; is maximal in {Z!, N Z‘,{, | i,7€1{0,1,2,3},i # j} with respect to
the inclusion relation if and only if (i, j) = (0, 1), (0, 2), (0, 3).

Proof. We argue as in the proof of Theorem 3.15.
(a) Note that

4) — 4
@ = f@

modulo Lyy; or Lyjs for f = x> + y?z + yz? since terms from X,y,z; Or X,y 2z, are of degree at least 5,
where x;,y;, Z; are as in Notation 2.5. Hence we can prove Z., N Zj, € Z9 as in the proof of Theorem 3.15.

(b) By Lemma 4.12, it suffices to show that

(i) (0,2, eZdnZ}.
(ii) (0,22, ¢Z2nzk.
Let P = (0,72,72). Wehave g(P) = 0> + (12> - 2+ 12 - (1> +0- 1> -2 = 21 = 0, hence we have P € S ,,,.
(i) Let us prove P € Z,(ﬁl ol Z,?,. We note that P corresponds to x, = yg = zg = 0 for « € {0, ...,m} and
B€{0,1,3,...,m}and y, = zo = 1. Thus we have P € Z0, = S, N\ V(Lp2). We put Ps = (0, st + 12, st + 1%)
for s € k. If s # 0, then we have g(P,) = 0 and P, corresponds to x, = yg = zg = 0 for @ € {0, ..., m} and
B€{0,3,...m},y; =71 =s #0andy, = 2, = 1. Hence we have P, € V(L1 +{y1 +z1))ND(y;) for s # 0.
Taking the Zariski closure of V(L | +(y; +z1)) ND(y;), we have P = Py € V(Lo + (y1 +z1)) N D(yy) =
Z3 . Therefore, we have P € Z0 N Z3.
(ii) We prove P ¢ Z° N Z!. We have

5
89 = 3z1 + 322 + xay0z1 = 21V} + Y321 + x0y2),
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hence we have y% +y321 + x2y2 € JL - (Ry);, N Ry, = I, Since x3,71 € Lax C m (see Remark 4.8), we
have y, € /I, + I!. Therefore we have P ¢ Z0 N Z) .

(c), (d) The assertions are proven in the same way as in the proof of Theorem 3.15(c) and (d). |

Corollary 4.17. For m > 5, the graph T(S°) obtained by Construction 3.17 is the resolution graph of a
Dy-type singularity.
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