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TRACE FOR THE DU BOIS COMPLEX

HYUNSUK KIM

ABSTRACT. We construct some version of the trace morphism between the Du Bois complexes,
with applications towards the behavior of the local cohomological dimension and some Hodge
theoretic aspects of singularities under finite morphisms.

1. INTRODUCTION

Let X be a variety, i.e., a reduced, separated scheme of finite type which is defined over C
(not necessarily irreducible). In [DB81], Du Bois constructs a filtered complex (Q%, F'*) which
is the correct replacement of the de Rham complex when X is singular. In fact, it is the sheaf
theoretic object that computes the Hodge structure of an arbitrary proper variety constructed
by Deligne. The p-th graded piece of this complex (with a suitable shift) Q% lives in the bounded
derived category of coherent sheaves, and it plays an important role in the recent development
of ‘higher’ notions of Du Bois and rational singularities, for example, [MP25], [FL24a], [FL24b],
[JKSY22], MOPW23], [CDM24], [SVV23], [PSV24], [PP24], [Kov25] for a non-exhaustive list.
The question that we want to answer in this article is the following:

Question 1. Let m: Y — X be a finite surjective morphism between normal algebraic varieties.
Is there a version of the trace map for the Du Bois complex?

Toward this question, we prove the following result.

Theorem 1.1. Let X be a variety and m = nx: X — X' be a finite group quotient by G. Then
the composition of the natural morphisms

2% — Rm.Q% — RI“Rr.Q%

s an isomorphism in the filtered derived category. In particular, after taking graded pieces, the
following compositions are isomorphisms for all p:

0%, — Rm. Q% — RLYRr, Q%

We remark that both 7, and I'® are exact functors. This morphism is the one in [DB8I,
(5.11.2)], and we briefly explain its construction in §2.1.

Remark 1.2. Du Bois shows this statement when X is smooth (see [DB81, Théoreme 5.12]). In
fact, the proof of Theorem 1.1 reduces to this situation.

We collect some immediate corollaries.
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Corollary 1.3. Let f: Y — X be a morphism between algebraic varieties over C. If (1) f is a
finite group quotient, or (2) f is a finite surjective morphism and X is normal, then there is a
morphism t: Rf. QY — QX such that the composition

P p t o p
Qy — ROy = QF
is an isomorphism.

Corollary 1.4. Let f: Y — X be a morphism between algebraic varieties over C. If (1) f is a
finite group quotient, or (2) f is a finite surjective morphism and X is normal, then

(1) ledef(X) <ledef(Y). In particular, ledef(Y') = 0 implies that ledef(X) = 0.

(2) If Y has pre-m-Du Bois singularities, then so does X .

(3) If Y has pre-m-rational singularities, then so does X .

(4) Furthemore, if Y and X are proper, we have the inequality between the Hodge—Du Bois
numbers h?9(Y) > hP1(X).

The Hodge-Du Bois number of a variety X is defined as h?'?(X) := dim grf. HPT9(X), where
F' is the Hodge filtration on the mixed Hodge structure on the singular cohomology of X.

Remark 1.5. We point out that in the case of a finite group quotient, we don’t assume the
normality of X.

Remark 1.6. We remark that (2) is already proved in [SVV23, Proposition 4.2] with an additional
assumption that the source (and hence the target) has rational singularities, and (3) is proved
in [DOR25, Corollary 6.6] when f is a finite group quotient and when the source (and hence the
target) is normal. After finishing this article we learned that Kovdcs—Lank—Venkatesh obtained
the same result as in (3) using the recent injectivity theorem of Kovdcs [KLV25], and that
Duc Vo also obtained similar results in his thesis [Vo25]. We hope that the existence of the trace
morphism gives a clearer explanation for these statements.

2. PRELIMINARIES

2.1. The Du Bois complex. We briefly explain the Du Bois complex Q5% of a variety, con-
structed in [DB81]. We refer to [DB81, §1] for the details of the construction of the Du Bois
complex, and [DB81, §5] for the equivariant version. One can construct a semi-simplicial resolu-
tion €q: Xo — X from a cubical resolution of X (for example, [GNAPGP88]). Then the Du Bois
complex is defined as
(73(,F.) = RE.*(Q;(.7F.)7

where the filtration on the right hand side is given by the ‘filtration béte’. This object lives in
the filtered derived category of differential complexes of order < 1, which we denote by Dgg (X).
The graded pieces Q5 := grl Q% [p] live in the derived category of coherent sheaves on X. If
one has a morphism f: Y — X, then the functor f, defined on the level of complexes induces
Rf.: Daig(Y) — Daig(X). Taking the push-forward commutes with taking the graded pieces.
i.e., for K* in Dyig(Y'), we have the canonical isomorphism

Rf.grh K* ~ g’ Rf. K°®,
where the R f, on the left is the usual push-forward between the derived categories of O-modules.
Let G be a finite group. If a variety Y has a G-action, one can define 9}, in a G-equivariant
manner using G-equivariant resolutions. We note that Q3 lives in the derived category of equi-

variant filtered differential complezes, Daig (Y, G). We denote by Caigt (Y, G) the category of equi-
variant differential complexes. If G acts trivially on Y, then one can take the invariant part
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IYK*. The functor I'¢: Cair (Y, G) = Caigr(Y') derives itself to
REGZ Ddiﬂ‘(}/, G) — Ddiﬂ‘(Y).
Note that since G is finite, there is a canonical natural transformation from the forgetful functor

to REG since we are in characteristic zero.

Therefore, if we consider a G-equivariant morphism f: Y — X, where G acts trivially on X,
we get a natural sequence of morphisms

9% — Rf.Q}) — RIYRL.QY.

The second morphism is obtained by applying to Rf.Q3 the natural transformation from the
forgetful functor to RI“. We refer to [DB81, §5] for details. This is the morphism that we study
in Theorem 1.1.

2.2. Local cohomological dimension. Consider a singular variety X embedded in a smooth
variety Y. Then, we can consider the local cohomology sheaves H% Oy . The local cohomology
starts at the codimension, i.e.,

codimy X = min{q : H% Oy # 0}.
The other end of the cohomological amplitude is by definition the local cohomological dimension,
ie.,
ledy X := max{q : H% Oy # 0}.
The difference between these two objects ledy X — codimy X is called the local cohomological
defect, which we denote by ledef(X), following the notation of [PS24]. This quantity does not
depend on the choice of the embedding X — Y. By studying the Hodge module structure of local

cohomology, the local cohomological defect can be completely characterized by the vanishing and
non-vanishing behavior of the Grothendieck dual of the Du Bois complex.

Proposition 2.1 ([MP22, Corollary 5.3]). The local cohomological defect ledef(X) is the largest
integer ¢ satisfying the following:

(1) Sxtgtf(Qf;{,@;([— dim X1]) # 0 for some j > 0.

(2) Extlf T, wk [~ dim X]) = 0 for all j > 0.

We point out that we are restating [MP22, Corollary 5.3] by applying Grothendieck duality
to the inclusion ¢: X — Y.

We also note that the local cohomological defect is topological in nature. Using the Riemann—
Hilbert correspondence and (Verdier) duality, we have

Theorem 2.2. ledef(X) = max{j : PH 7 (Qx|[dim X]) # 0}.
Here, PH is the perverse cohomology. See for example [RSW23] for details.

2.3. Higher Du Bois and Higher rationality. In [SVV23], the authors generalize the notion
of higher Du Bois and rational singularities only involving the behavior of the Du Bois complex,
in an attempt to find the natural definition outside of the local complete intersection setting. In
that vein, they define

Definition 2.3. Let X be a variety of dimension n. Then X has pre-m-Du Bois singularities if

H(Q)=0  forall0 <p<m, andi> 0.
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X has pre-m-rational singularities if

Extly (P, wk[—dim X]) =0 forall 0 <p<mandi>0.

Note that with some additional conditions (bounds on the codimension of the singular locus
and the reflexivity of H°(Q%)), these conditions are equivalent to the definition of m-Du Bois
and m-rational singularities in the local complete intersection case as in [JKSY22] and [FL24b,
Definition 3.13] (see [SVV23, Proposition 5.6]).

3. PROOF OF THE THEOREM

Here, we give the proof of Theorem 1.1. We prove it by induction on the dimension of X.
If dim X = 0, there is nothing to show. Since G acts on X, the singular locus Z = Xing
immediately carries a G-action. Consider a G-equivariant projective resolution of singularities
p: X — X, which is an isomorphism over the smooth locus of X. Let E = p=1(Z),eq. Note
that X, X, F, and Z have a G-action. By assumption, X’ = X/G and we denote by X', E’, and
7' analogously for the quotient spaces. Note that these quotients exist as varieties since p is a
projective morphism. Similar to the quotient morphism 7x: X — X', we denote the quotient
morphisms by 7, 7g, 7z analogously. Then we have two commutative diagrams

E—— X E —— X'
NI
7 —— X 7 —— X',

Note that p and g are isomorphisms over X \ Z and X’ \ Z’ respectively. Then we have the
following commutative diagram:

o ° . ° +1
NS RM;Q}E @QZ/ RMIE,*—E’ —

| | |

Rrx Q% ——  Ru[Rmg *Q;? &Ry Q) ——m— Ru};)*RﬂE7*Q;9 N

J | i

RI“Rry.Q% —— RICRy/Rrg Q% ® RI°Rr,.Qy —— RICRyy Rrp Qf .

The horizontal rows are exact triangles. Note that p/ and p/; are morphisms between varieties
with trivial G-action. Therefore, RI'® commutes with Ry, and Rﬂb,*~ We assert that the
composition of the vertical arrows give isomorphisms. Since dim Z,dim F < dim X we have by
induction that

Q% = RLRaz,. QY

and similar for E. Also, since X is smooth, we have the analogous isomorphism for X by
[DB81, Théoreme 5.12]. Since the compositions of the second and the third vertical arrows
are isomorphisms, the composition of the first vertical arrows

Q% — RLRry . Q%

is an isomorphism in the filtered derived category. The second assertion follows from the first
one by taking graded pieces. O
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4. PROOF OF THE COROLLARIES

Proof of Corollary 1.3. If X =Y/G for G a finite group acting on Y, this is exactly the second
statement of Theorem 1.1. For the second case, consider v: Z — Y % Y — X such that Z

is Galois over X and Y™ — Y is the normalization. Then, the composition of the morphisms
Of - RfQ) — R(f ov).0)., — Ry.Q) — Q% is an isomorphism. O

Proof of Corollary 1.4. We recall that dim X = n. By applying Grothendieck duality for the
map f to Corollary 1.3, we see that the composition

RHomo (2% 7, wk) = Rf.RHomoe, (Qy 7, wy) = RHome, (2% 7, wk)
is an isomorphism. Since f is a finite morphism, f, is exact. Therefore,
Exty (Qy P wy) =0 = &ty (Qy P,wk) =0.
This immediately shows the third statement. The first assertion also follows from the charac-
terization of the local cohomological defect in terms of the depth of the Du Bois complex (see
Proposition 2.1). The second assertion is also immediate from Theorem 1.1. The last assertion

follows from the fact that the Hodge—Du Bois number of a proper variety X can be computed
by the cohomology of the Du Bois complex, i.e., h”?(X) = dim H?(X, Q% ). O

Remark 4.1. We also immediately recover the other statement of [DOR25, Corollary 6.6] as
well. Let 7: Y — X be a finite group quotient and let dim X = dimY = n. Then we have a
commutative diagram

Qf ——— RHomo, (Qx ", wk[-n])

J I

T —— mRHomoe, (Qy P, wy [—n]).

The statement of [DOR25, Corollary 6.6] says that if the bottom row is an isomorphism for
p < m, then the top row is as well for p < m. Note that after taking cohomology, the first
vertical map is an inclusion onto the G-invariant part and the second map sends the G-invariant
part isomorphically to the target. Therefore, if the bottom row is an isomorphism, then the top
row is an isomorphism in cohomology (hence an isomorphism in the derived category). Note that
T, is exact.

Remark 4.2. We note that the local cohomological defect can be strictly smaller after taking a
finite quotient. For example, consider an abelian surface A with a G = Z/2Z-action given by the
negation. If we consider a G-equivariant very ample line bundle and consider the cone X over
A associated to that line bundle, then ledef(X) = 1, since PH 1 (Qx[3]) =~ i« H'(A,Q), where
iz : {x} — X is the closed immersion from the cone point. We briefly explain the calculation.
From the decomposition theorem obtained by blowing up the cone point, one can calculate that
H 2 ICx ~ H'(A,Q). Then we obtain an exact triangle

- K —Qx[3] = ICx il—>,

where K is pushed forward from an object supported at z. Note that H~1i*K ~ H'(A, Q). Then
the long exact sequence obtained by taking the perverse cohomology gives

PHTN(Qx [3]) i HY (A, Q).
However, X' = X/G is a cone over A/G and H*(A/G,Q) = 0 since A/G is simply connected (it
is klt and its minimal resolution is a K3 surface). This implies ledef(X’) = 0 by the same reason

since A/G has quotient singularities. We also point out that certain Hodge-Du Bois numbers of
A/G are strictly smaller than A.
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