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NON-INVERTIBLE QUASTHOMOGENEOUS SINGULARITIES AND THEIR
LANDAU-GINZBURG ORBIFOLDS

ANTON RAROVSKII

ABsTRACT. Based on the classification of quasihomogeneous singularities, any polynomial f
defining such a singularity can be decomposed as f = fx + fqqq.- The polynomial f,. takes a
specific form, whereas f,qq is constrained only by the requirement that the singularity of f
should be isolated. The polynomial f, 44 is zero if and only if f is invertible; otherwise, in the
non-invertible case, fyqq may be arbitrarily complicated. This paper investigates all possible
polynomials f,qq for a given non-invertible f. For a fixed f., we introduce a specific, small
collection of monomials that constitute f,q44, which guarantees that the polynomial f = f. +
fadd defines an isolated quasihomogeneous singularity. Furthermore, if (f,Z/2Z) is a Landau-
Ginzburg orbifold with such a non-invertible polynomial f, we provide a quasihomogeneous
polynomial f that satisfies the orbifold equivalence (f,Z/2Z) ~ (f,{id}). We also present an
explicit isomorphism between the corresponding Frobenius algebras.

1. INTRODUCTION

Let f be a quasihomogeneous polynomial defining an isolated singularity at the origin (in the
remainder of this article, we call such f non-degenerate) and let G be the group of its symmetries.
Then the pair (f,G) is called a Landau—Ginzburg orbifold. In the early 1990s, physicists began
investigating such objects (cf. [IV, V, Witt]) and their applications in mathematical physics.
Subsequently, interest in Landau—Ginzburg orbifolds spread among mathematicians. Interest-
ingly, choosing f as a representative of a special class of polynomials, called invertible, leads
to many well-known results in singularity theory, algebraic geometry, and mirror symmetry for
Landau-Ginzburg orbifolds associated with f (cf. [BT1, BTW2, EGZ, BI, FJJS, KPA]). For
instance, for diagonal groups G, there exists a well-defined dual pair ( 1, G) which is called
the BHK-dual (see [BHu, BHe]), and a mirror isomorphism between their Frobenius algebras
(see [Kr]).

Non-invertible polynomials. In this paper, we focus on a different class of polynomials:
those that are non-degenerate yet non-invertible. As of today, there are relatively few results in
singularity theory and mirror symmetry concerning these polynomials f and their corresponding
Landau—Ginzburg orbifolds (f, G) (cf. [BT2, ET2]). According to [HK], any non-degenerate and
non-invertible polynomial can be written as f = f. + fqqq, where f,. is constructed from a
graph of the form I'y = LI'y,, with each I'y, being a «Loop with Branches» (see Figure 1), and
Jadd = f — f-

As an example, let us consider the two polynomials

fi = s + 25223 + 253 and fo=2a s + 25223 + 25322 + 5171{%33.
For f> to be non-degenerate, we require € € C* and b1q1 + bsgs = 1, where (g1, g2, g3) is the set
of weights of f (see Remark 2). In this case, f; is an example of an invertible polynomial, while
f2 is an example of a non-invertible polynomial. The corresponding graphs are
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More specifically, (f1)x = fi, (f1)add = 0, (f2)x = T 2 + 25723 + 2520, and (f2)aqa = x5 5.

Suppose now that we start from a quasihomogeneous f,, which corresponds to a graph of a
quasihomogeneous singularity. If f, is non-invertible, then it must be degenerate (i.e., it defines
a non-isolated singularity at the origin). In this paper, we introduce Theorem 19, which provides
an admissible collection of monomials in f,44 that renders f = f. + fqqq4 non-degenerate. Note
that adding f,qq given by Theorem 19 is not the only method to construct a non-degenerate
polynomial from f,. However, our method is advantageous because it allows us to control which
monomials the polynomial f,4q consists of and on which variables it depends. Moreover, we
introduce Theorem 22, which proposes a method to construct f,4q involving a relatively small
number of monomials. In this scenario, f,qq would depend solely on variables whose indices
follow a very specific logic: an arrow from the vertex that corresponds to the indexed variable
must end at a vertex with index on the loop.

Orbifold equivalence. In the second part of the paper, we apply the aforementioned con-
structions to study the corresponding Landau—Ginzburg orbifolds. Specifically, that section will
be devoted to the orbifold equivalence (f,G) ~ (f,{id}) between Landau-Ginzburg orbifolds,
which could potentially be useful in studying Landau—Ginzburg orbifolds with non-trivial groups
G. Orbifold equivalence could roughly be understood as an equivalence MF(f) = MF¢(f) of the
categories of G-equivariant matrix factorizations. In this case, an isomorphism emerges between
the Hochschild cohomology of category MF¢(f) and the Jacobian algebra Jac(f).

In this work, we utilize a theorem introduced in [BP, Io] (Theorem 25 in text), which suggests
a method of constructing an orbifold equivalence (f,G) ~ (f,{id}) via a crepant resolution
of CV/G. Herewith we obtain orbifold equivalences between pairs containing non-invertible
polynomials. We use the explicit form of polynomials with a «Loop with Branches» graph to
construct a new polynomial corresponding to the original graph with one extra edge (Theorem 26
in the text). In addition, we use Shklyarov’s [Sh| techniques to calculate the structure constants
of HH*(MFg(f)). We find thereby an explicit isomorphism between their Frobenius algebras
(Proposition 34 in text). These results may be used to investigate Frobenius structures and
mirror symmetry for (f, G) via the classical singularity structures for f.

Acknowledgements. I am grateful to my advisor Alexey Basalaev for his guidance and inspi-
ration during the writing process, for useful discussions at various stages of the preparation of
this paper, and for comments on its draft. I am also grateful to the anonymous referee for their
comments, which significantly enhanced the work. The work was supported by the Theoretical
Physics and Mathematics Advancement Foundation «BASIS».

2. PRELIMINARIES

Consider the ring of polynomials with complex coefficients C[x] := Clxy,z2,...,xn]|. We call
a polynomial f € C[x] non-degenerate if f has an isolated singularity at the origin; that is, the
system of equations {387{11 = g—xj; == 6?; = 0} has a unique solution at 0. Moreover,

throughout this paper we assume that f does not contain summands of the type z;z;.
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Definition 1. A polynomial f € C[x] is called quasihomogeneous with a set of weights
V1, o, d) € ZNFLf
( ) ) 9 >0

FA 21, A2 zg, .., AN ay) = )\df(x1, T, ...TN)

for all A € C*.

Remark 2. In Sections 6 and 7, we focus on the reduced system of weights (g1, ga, ...qn), which
can be derived as (q1,¢2,...qn) := (v1/d, ..., vn/d), with ¢; < 3 (see [HK], Theorem 3.7).
Let f € C[x] be a non-degenerate quasihomogeneous polynomial.

Definition 3. The Jacobian algebra of a polynomial f is the quotient ring of the ring of poly-
nomials C[x] by the ideal generated by partial derivatives of f:

Jac(f) := C[$1,$2,...71’N]/( a5 oy or )

dz1 Dy 1 Doy

The dimension of the Jacobian algebra is called the Milnor number and is denoted uy. Ad-
ditionally, py < oo if and only if f is non-degenerate (see [AGV]).

Definition 4. A non-degenerate quasihomogeneous polynomial f € C[x] is invertible if the
following conditions are satisfied:

e The numbers of variables and monomials in f are identical:
N n
Ei]'
flz1,...,zNn) = E cinj ,
i=1  j=1

fori,j =1,...,N, with ¢; € C* and E;; integer and non-negative.
e The matrix (E;;) is invertible over Q.

If a non-degenerate quasihomogeneous polynomial f does not satisfy these conditions, it is
non-invertible: this is the case we dwell on in this work.

Definition 5. The group of mazximal diagonal symmetries of f is defined by
Gy ={(g1:92:---,9n) € (C)V | f(gr21, 922, ... . gnTN) =
f(l'l,l’g,...,fﬂ]\/)}

Any subgroup G C Gy is a group of diagonal symmetries (or simply a group of symmetries).
The element g € G can be associated to the algebra Jac(f?) of the polynomial f9 = f|pz(g),
where Fiz(g) = {x € CV | g- 2z = x}. In addition, if Fiz(g) = {0}, we put f9 := 1.

Proposition 6 ([ET1], Prop. 5). If a polynomial f is non-degenerate, then for every g € G
with non-trivial fixed locus, the polynomial f9 is also non-degenerate.
3. POLYNOMIALS AND GRAPHS

3.1. Combinatorial data. Following [HK], we move forward to introduce the conditions on
the weight system of quasihomogeneous f, which render it non-degenerate. For a fixed N € N
we denote I := {1,..., N}, and set e; to be the standard basis in the lattice ZY,. For a subset

J C I and a system of weights (vy,...,vn,d) € Zggfl with v; < d and k € Z>(o we indicate:
Zéo = {angO | a; =0 fori ¢ J},
(Zgo)k = {a S Zgo ‘ ZO@ CV = k‘}7
i

(Zéo)k = Zéoﬂ(zgo)k-
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Lemma 7 ([HK]|, Lemma 2.1.). Let us fix the system of weights (v1,...,vn,d) € Zga'l with
v; < d and a subset R C (ZY,)a. For any k € I, we define the set

Ry = {0 € (Z)av, | o+ i € R).

The following conditions are pairwise equivalent:

(C1): ¥ J CI such that J # &
a) Ja € RNZL,
orb) 3 K C I\J such that |K| = |J|
andV k € K 3 a € Ry NZL,.

). N
(C1)’:  The same as (C1), but only for J such that |J| < &L

(C2): ¥ J CI such that J # &
3 K C I such that |K| = |J|
andeEKﬂaGRkﬂZéy

(C2)’: The same as (C2), but only for J such that |J| < ¥F.

This lemma serves to formulate the criteria for the non-degeneracy of polynomial f from a
combinatorial perspective.

Theorem 8 ([HK, Sa, OPSh, KS]). Let (vy, ..., vn,d) € NVt be a system of weights with v; < d
and for any f € C[x] define supp(f) = {a € Zgo | 27t z5? . aQYN isatermof f}.
(a) Let f € C[x] be a quasihomogeneous polynomial. Then from the condition

(IS1):  f is non-degenerate,
We conclude that the set R := supp(f) C (ZY,)q satisfies the conditions (C1)-(C2)’.

(b) Let R be a subset (Z]ZVO)d, Then, the following conditions are equivalent:

(1S2):  There is a quasithomogeneous polynomial f such that supp(f) C R and f is
non-degenerate.

(1S2)’: A generic quasihomogeneous polynomial f such that supp(f) C R is non-
degenerate.

(C1) to (C2)’: R satisfies the conditions (C1)-(C2)".

3.2. Graph description of non-degeneracy. A map x: I — I is a choice if it satisfies the
following condition: For every j € I the sets J = {j} and K = {x(j)} satisfy (C2) for some fixed
R. If we consider any quasihomogeneous polynomial f and put R = supp(f), then & is a choice
if f contains as a summand b; a:;” “Ty(j), where b; € C*,a; € N and a; > 2. As a consequence,
polynomial f can be expressed as f = f., + fadq, Where f,; is a part determined by the choice x

and foqq == f — fe-

Proposition 9 ([HK]|, Lemma 3.5.). A polynomial f is invertible if and only if f = f. for some
k. In other words, fqqq = 0.

In this paper, we work with non-invertible polynomials (i.e., fyqq 7 0) using the graph method
introduced in [HK]. Using the map « : I — I we construct the graph T', with vertices labeled
by the set I. Hence, there is an oriented edge pointing from the j-th vertex to the i-th vertex
if and only if ¢ = k(). We assume that if x(j) = j the edge can be skipped, thus we obtain a
graph without any self-loops. The conjugacy class k with respect to the natural action of the
symmetric group on the set of indices will be called its type. In this case the oriented graph
without numbering of vertices defines the type.
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Theorem 10 ([AGV], §13.2). Let f(x1,z2,z3) be a non-degenerate polynomial of three variables.
Then, the graphs corresponding to all possible choices for f(x1,x9,x3) are exhausted by the
following graphs (types) up to a permutation of variables:

ol ol
N/
o2 3 22— o3 o2 3
ol
ANARA
2+ 3 2 T e3 22— @3

Polynomials corresponding to the graphs discussed in Theorem 10 have the following form:

o fi=al' +a3® +a5?

o fo=ual'ws+ x5+ x5°

o fs=ual'wy+x5Pxe + 252 + 51,33311’1:323, where (az — 1) | lem(ay,a3) and €; 3 € C*

o fi=u3?+al'ws + 531

o f5=ual'ws+ 532y + 232

o fo = 2wy + 1203 + 2wy + 13202, where (ag — 1) - ged(ay,a3) | (a; — 1) and
€1,3 € C*

o fr=ual'ws + x5 w3 + 25°71

Conditions for polynomials f3 and fg are obtained by writing down the explicit equations on
the weights (v1, v, v3) (see [AGV]). In general, possible graphs are characterized as

Proposition 11 ([HK]|, Lemma 3.1). The exact graphs that occur as graphs of maps k: I — I
are those whose components are either globally oriented trees or consist of one globally oriented
cycle and finitely many globally oriented trees whose roots are on the cycle.

In other words, any connected component of Iy, is a loop with branches (see Fig. 1), including
the case when the “loop” is of length 1. Therefore, any polynomial f,, can be decomposed as
follows:

ffc:finv+f1+f2+"'+fp7

where f;n,, is an invertible polynomial, and f; is a polynomial corresponding to the i-th connected
component of the graph x.
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FIGURE 1. «Loop with Branchess-shaped graph

Since we are interested in the non-invertible case, in the following we denote by f, a polynomial
with a singular connected component arising from the «Loop with Branchess graph and a set
of powers (a1, ...,ay) defining the weight system (vy,...,vnx,d) € Zggrl.

Please note that every variable corresponds to a node with only one outgoing arrow, hence
the claim:

Proposition 12. Let f, = Z;\Izl bjx;-b":v,i(j). Then all b; can be assumed to be equal to 1.

Let us also define a gluing operation on the graphs, which attaches a point to a predefined
graph. Let k: I — I be a map defining a «Loop with Branches» graph 'y, and let T, C I be
a set of leaves of I'y, i.e., the set of vertices on the end of each branch. Let ¢t € T, be a leaf
and {N + 1} an isolated vertex. We define the operation or,_ (N + 1,t) which adds an arrow
from the isolated vertex {N + 1} to the leaf ¢, meaning that op (N + 1,¢) = I'z, where & is
a new graph with the additional glued vertex. We may also extend the action of o, to act on
k isolated vertices and k leaves. In this case we consider or, (N + 1,..., N + k), (t1,...,tx)),
which connects {INV + i} to each ¢;. This construction will be particularly useful in Sections 6
and 7 to describe a new polynomial f paired with a graph obtained by the action of the gluing
operation and demonstrate the construction of orbifold equivalence.

Example 13. Let us consider separately the graph T',; (as shown below) with an isolated vertex

{10}.

o

®0

[J
—

o7

A

N

o3 — 09 oy

.«

s
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Then op, ({10},{9}) = Ty, and or, ({10},{5}) = I'y,, where Iy, and T, are the following
graphs:

%

b4
\ o5 ®10 \ & < ®1¢
+ v +

.7\0 > e qe\o{.g .7\0 %of.le\o[.g
N e N e

FKZ FWS

4. NON-INVERTIBLE QUASIHOMOGENEOUS SINGULARITIES

Now we start with a map & and systems of weights (vy,...,vn,d) € (Zggfl)d, and use them
to construct a quasihomogeneous polynomial f, (please note that it may be degenerate), and
examine R = supp(f,). In this section our goal is to obtain an explicit non-degenerate polynomial
f, such that f = f. + faqq starting from a predetermined fy.

Definition 14. A (nonempty) subset of indices J C I = {1,..., N} is a failing set for a given
R if it does not satisfy the condition (C'1) (or any other equivalent condition), for instance:
(NC1): RNZiy=o
and V K C I\J such that |K| = |J|
it is true that 3k € K Ry NZL, =2

It means also that R satisfies the conditions of Lemma 7 if there is no failing set for it. Note
that if failing sets for R exist, then f, must be degenerate according to Theorem 8. We seek to
identify a connection between failing sets for such R and the map «.

Remark 15. Note that for a given graph T'; a set of powers (a1, ...,ay) defines the system of
weights (vy,...,vn,d) € (Zgo)d. Since at times it is less complicated to work with powers, we
would apply this property in the future.

Proposition 16. Let J be a failing set for R = supp(f.,). ThenVj € {1,2,....N}, {j,c(j)} € J.
Moreover, the same is true for the fixed points of k: k(j) = j.

Proof. In this case, aje; + ex;) € RN Z‘éo # &, thus, according to (Cla), J is not failing. O
Let us study an example: finding failing sets for some degenerate quasihomogeneous polyno-

mial f.

Example 17. We start with a map « : {1,2,3,4} — {1,2, 3,4} which corresponds to the graph

o] L)

oy < o3

and an arbitrary set of powers (ai,az2,a3,a4) (a; > 2). Then we have a polynomial
e = mZ“‘H + 2] x4 + 25%x4 + 25223, which is degenerate, and we can consider R = supp(fx).
Let us write a matrix in such a way that R would coincide with the set of its rows:

0 0 0 ag+1

0 0 as 1

O ag 1 O

ay 0 0 1
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We would like to find all failing sets for such R. Since & is a choice, all J C I with |J| =1 are
not failing sets. Therefore, we move to the case |J| = 2 (since according to (C1)’ we may only
consider sets J with |J| < 2 < 3). Note that Vj € {1,2,3,4}, J # {j,x(j)} by the proposition
above. It is equally important to note that if 4 € J, then J is also not a failing set by (Cla), since
(as+ 1)eqs € RNZL, # @. Consequently, the only possible failing set here would be J = {1, 3}
(since for J = {1,2} the set K = {3,4} satisfies the condition (C1)). As RN Zio = @, and the
only possible option for which the condition Ry N Z>0 =R3NZL %o = @ follows would still be
K = {2,4}. Consequently, J = {1,3} is a failing set for R introduced above.

Now a definition is required to present the construction of f,44.

Definition 18. Let (vy,...,un,d) € Zgg“l be a system of weights, let R C (Zgo)d a subset of
the lattice, and let Fp C 2! a set of all failing sets for R. A collection of sets Ag := {Ji,...,J;}
with J; C I is said to be admissible for R if the following conditions hold:

(i) Ji is a failing set for R for 1 < k <, i.e., Ag C Fr
(ii) For any J € Fj there is an element Jy € Ag such that J\Jg is not failing.

Now we are ready to introduce the theorem.

Theorem 19. Let Ag be an admissible collection of R = supp(f.) and assume there is a set of
maultipowers {by, € (ZL5)?Jx € R and by > 0 fors € Jx}.
Then there is a set {e;, € C*} such that the polynomial f = fx+ fada is non-degenerate with
fadd = Z €Jk$;ﬁ ku . Z’;’
JL€AR
Before we prove this theorem, let us consider an example that illustrates the construction of

fadd~

Example 20. Let us turn back to Example 17 and set (a1, az, a3, a4) = (6,9,3,7) defining the
system of weights (v1, ve, vs,vq,d) = (9,5, 18,9,63). The only failing set for
fr = :BZ + x?u + x§x4 + xgmg
would then be J = {1,3}. So the admissible collection is unique, and we have Ar = {J}. Note
that b; = 3 and b3 = 2 satisfy the condition b;vy 4+ bgvs = 63. It follows from the theorem above
that the polynomial
f = fu+ fada = o] + 2{wa + iws + 2573 + 2]23
is non-degenerate, as can be verified by straightforward computation (here €; = 1).
In order to prove the theorem, we require a lemma.

Lemma 21. Let Ag = {J1,...,Ji} be admissible for R. Then there is no failing set for the set

R :=Ruz{yuzf u-. vzl c (2. (4.1)

Proof. Suppose that J C I is a failing set for R’, but not for R. Since R C R/, then (C2a) for
R cannot be satisfied for J (otherwise J would not be a failing set for R). Therefore, (C1b) for
R must be satisfied and 3 K C I such that |K| = |J| and V k € K 3 a € R, NZZ,. However,
since Ry C R}, we also have o € R} NZZ,. Consequently, (C1b) is also satisfied for R/, and thus
J is not a failing set for R'. -

Suppose now that J is a failing set for R. By the definition of an admissible collection,
3 Ji € Ag such that J = J, U Jg, where J{ is the complementary set. It means that Zi’}) + o
and in this case we have

ZLyNR =ZL,N(RU---UZY) D 2L # 2,
and from (Cla), it follows that J is not a failing set for R, which completes the proof. O
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Finally, we may proceed to prove Theorem 19.
Proof. We apply the small lemma above to prove the theorem. Note that

R = supp(fs) U supp(fadd)

for arbitrary non-zero coefficients in foqq. By the condition ) . 7, bsvs = d and by (I52), we
have a generic non-degenerate polynomial f with support R; that is, f is a linear combination of
monomials from f,; and f,4q with some non-zero coefficients. By Proposition 12, we may assume
the coefficients of f, to be equal to one; by these linear transformations we obtain the sought
for set {ej, € C*}. O

5. ADMISSIBLE COLLECTIONS FOR THE LOOP WITH BRANCHES

In this section, we employ a polynomial f. to present a method of constructing an admis-
sible collection Ag for R = supp(f.). This gives us a recipe for taking any quasihomogeneous
polynomial f, from a «Loop with Branches» graph, and turning it into a non-degenerate quasi-
homogeneous polynomial.

Suppose we have a «Loop with Branches» graph on n vertices (i.e., the length of the loop is
n). For any m € {1,...,n} consider the set S,, C {1,..., N} containing all vertices emitting an
arrow pointing to m. We then define A™ := {J; C Sy, | |Ji| > 2} as the set of all subsets of S,
with at least two elements.

L-——~~

o(\ K & @ {-----
.m
AN / \
It * * —
—

FIGURE 2. The elements of S,,, are marked with x*

We are now prepared to formulate the Theorem of this Section.
Theorem 22. The set Ar = U%_; A™ is an admissible collection for R = supp(f).

Proof. First of all, any J; € Ar must be a failing set for R. Otherwise, by (C1) there is a set
K C I such that |K| = |J;| and for all k € K there is ay, € R, N ZZ, (since RN 27, = 0).
This means that for all k € K, ap + e € R and of € Zi‘o, but R = supp(f,) consists of
elements of Z%, with only two non-zero coordinates (and one of them is equal to one). Hence
we conclude that aj, should either also have two non-zero coordinates (with one of them equal
to one) or only have one. The first case is not possible since it would mean an arrow between
some ji,jo2 € Jj, and the second case is equally not possible since it would mean that K = {k},
with x(j1) = k(j2) = --- = k, is the unique set satisfying the required condition (C1) and
|K| =1 < |J;| . From this we must conclude that any J, € A™ C Ag is a failing set for R for
any m.

Now we seek to demonstrate that for any failing set J there is a set J; € Ag such that J; C J.
From what we managed to show above, we are able to conclude that any failing set for R has a



226 ANTON RAROVSKII

decomposition J = U} U U; U...U} uUg, where UJ contains all indices from I, whose image
under « is equal to m € {1,...,n}, and U§ is the complementary set. Since J is a failing set,
there exists an element s such that |U5| > 2, which means that there is also a set J; € Ag such
that Uj = J;. Consequently, J; C J. We demonstrated how for any failing set J there is a set
J; € AR such that J; C J, which proves that the collection Ag is admissible for R. O

Corollary 23. Let Agr be a collection as introduced above. For foqq defined in Theorem 19,
f = fu + fada is non-degenerate.

Proof. Follows directly from Theorem 8. O

Example 24. Consider the map x which gives the graph

o, — .5 o
f - e\
and a set of powers (a1, as,as, a4, as,a6) = (3,2,4, 2,3,4) that defines the weight system
(Ula V2, U3, V4, Us, Vg, d) = (17 27 17 la 2) 17 5)7
that is, the polynomial defined by « is of the form

3 2 4 2 3 4
fr =222 + 2523 + X371 + TET1 + THT5 + TeTy

and R = supp(fx). By the theorem proven earlier, the admissible collection Ag is of the form
Ap = A' = {{3,5},{3,6},{5,6},{3,5,6}}. Thus a set of corresponding coefficients ¢, exists,
and we write:

_ 2 2 3 2 2
fadd = €3,523%5 + €3,623T5 + €5,6T5%6 + €3,5,6T3L5%6
3 2 4 2 3 4 2 2 3 2 2
f=fe+ fadd = TiT2 + 2323 + 2321 + T5T1 + T4x5 + TeX1 + €3,5T3T5 + €3,6T3T5 + €5,6T5L6 + €3,5,6T3T5L6

where, by Theorem 19, the polynomial f is non-degenerate, which could be verified by rigorous
calculation (in this case we may set €5, = 1 for all J; € AR).

6. CREPANT RESOLUTIONS AND ORBIFOLD EQUIVALENCE

In this section, we consider a Landau-Ginzburg orbifold (f, G), where the quasihomogeneous
polynomial f corresponds to a «Loop with Branches» graph with one isolated vertex, and the
group G is isomorphic to Z/2Z. We introduce a new polynomial f, obtained from f via the
gluing operation, and present an orbifold equivalence (f, {id}) ~ (f,G).

6.1. Background. Let f: CV — C be a holomorphic G-invariant function. Hence, it may be
defined as a function on CV/G. Let 7: CN /G — CV / G be a crepant resolutlon of the smgularlty

The composition of f with 7 defines a function on CN /G /G, denoted by f: CN /G /G — C. Let CN /G /G
be covered by some charts Ui, ..., Us, all of them isomorphic to CV; fl denotes the restriction
of f on each chart

fi= flv,: Ui = C.

Considering a non-degenerate quasihomogeneous polynomial f € C[x] and a group of sym-
metries G, we can associate the category MFg(f) to the pair (f,G) (see [Orll], [Orl2], [Io]
for details). We may reformulate the definition of orbifold equivalence (see [Io]) in terms of
categories, giving rise to the following theorem:
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Theorem 25. ([BP], [lo]) Suppose that f and f both have isolated singularities at the unique

points v € CN /G and w € CN /G respectively; then the pairs (f,G) and (f,{id}) are orbifold
equivalent. Namely, there is an equivalence of categories

MF(f) = MFq(f).

MoATeove'r, suppose that f has a singularity at the origin and there is an affine chart U; such
that f;: CN = U; — C has a singularity at 0 and fi CN =~ U; — C does not have any
singularities ¥j # i. Then,

MF(f) = MF(f;).

This theorem asserts that to establish an orbifold equivalence between (f,G) and (f,{id}),
it is sufficient to find a suitable affine chart for which f = f,,, with f,, being the unique non-
degenerate polynomial in the collection {f;}.

6.2. Orbifold equivalence for the loop with branches. We consider a polynomial f,, with
one connected component, and assume that there is an index ¢t € T, (i.e., the set of leaves),
such that its corresponding power is even; that is, there is a monomial xf“”x,{(t). Without loss
of generality, we may set t = 1 and k(1) = 2.

By Theorem 22 we get fo = fr, + fadd, Where foqq is given by the admissible collection for
R = supp(fx,). Then, let us investigate the polynomial f,, = fi, + x?\,ﬂ with the set of powers
(2a1,...,an,2), which is quasihomogeneous with a reduced set of weights (¢1,...,qn,1/2). Its
corresponding graph I, is the disjoint union of 'y, and one isolated vertex. Since z% 41 i
invertible, the admissible collection Ag for R = supp(f,) coincides with the admissible collection
for R = supp(fx,). As a consequence, f = fi, + fadd is non-degenerate by Theorem 22 (with the
same fqqq as for fp).

The focus of our investigation is the Landau-Ginzburg orbifold (f, G) with symmetry group
G = Z/2Z = (g) acting as follows:

g Ty =—xpmifm=1N+1

g - Ty = T,y otherwise

This means that g acts non-trivially only on either an isolated vertex or on a leaf with even
power.

For the group G discussed earlier, we may write CV*1/G = CVN~! x {w? = wv} C CN*! by
identifying {u = 2%,v = 2%, w = z1xy11} or {v =2}, u = 2% 1, w = ¥1TN41}, which grants
us two charts U; and U, covering CV*1/G; here for U;:

(T2,..., 2N, Y, 2) — (Toy ..., TN, Y, Y22),
and for Us:
(o, ..., oN, Y, 2) — (To, ..., 2N, Y2, 2).
We are finally prepared to formulate the main theorem of this section:
Theorem 26. Let (f,G) be a Landau-Ginzburg orbifold as above. Then there is a non-degenerate
quasihomogeneous polynomial f with the following properties:

(i) f has a reduced system of weights (2q1,q2,--.,qn,1/2 = q1)
(il) f = fz + fada with the graph Tz = op (N + 1,1) and foqq = faaa(t1,.-.,tn) where we
put t3 = 1 and t,, = T, for m # 1;
such that (f,G) and (f,{id}) are orbifold equivalent. In particular, there is an equivalence of
categories

MF(f) = MFc(f).
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Example 27. Consider the polynomial f., = 23 + 2371 + 257;. Using the earlier conclusions,
we get f = 3 + 2311 + 2871 + 2325 + 23 with figq = 2373, the reduced system of weights
(1/3,1/6,1/12,1/2), and the graph

L)

o,

.1(7.3

Consider now the group G = Z/27 = (g), where g(x1,z2,73,74) = (1, —T2, 23, —24); herewith
we obtain f = x3 + 23wy + 2§11 + 2323 + 23x3 with fouq = 2324, the reduced system of weights

(1/3,1/3,1/12,1/3) and the graph

oy

®

o < o3

such that there is an orbifold equivalence (f,Z/2Z) ~ (f, {id}).

7. PROOF OF THEOREM 26

We seek to show that the polynomial f, discussed in Theorem 26, coincides with fl, obtained
via the crepant resolution. First, we prove that fl is non-degenerate (i.e., quasihomogeneous and
with an isolated singularity at the origin) and possesses the properties stated in Theorem 26.
Next, we demonstrate that f2 does not have any singularities. Lastly, by Theorem 25, the cor-
responding Landau—-Ginzburg orbifolds (f, G) and ( f1, {id}) are orbifold equivalent, completing
the proof.

Let us rewrite fl in explicit form. Following the decomposition of f, we get

fi = (Ff)r + (Fada)1-

Recall that fy is a polynomial with a «Loop with Branches» graph ko discussed in Section 6.
Then

(fli)l :flio(y7x27"°va)+Z2y (7]‘)
Since G 2 7, /27 is a group of symmetries, each term of f,q4 is of even degree in x;. Explicitly,
bey bs bs bs bs
fadd = Z EJszll -T322 cee l‘sll + Z EJrfL‘%blfsgz .. --’L‘sll
{J-€AR | 1¢J,-} {Jr€ARr | 1€J:}

is to be applied to the admissible collection Agr and e, € C*. After a change of variables:

bs, bs bs by bs bs
fadd = E €1, Ts) Tos® oo . Ty’ + E €LY Xsy? .. T,
{J-€AR | 1¢J,} {J-€AR | 1€J,}

Proposition 28. The polynomial fl 18 quasthomogeneous with the reduced system of weights
(201,92, - -, qn,1/2 — q1), where (qu,...,qn) are weights of fo.

Proof. The reduced weights are determined by the system of equations a;q; + q.(;) = 1, where
a; are fixed exponents of the polynomial, and g,(;) = 0 iff k(i) = i (in particular, gn 11 = 1/2).
Recall that f has the set of powers (2a;,as,...,an,2) and let (a1,dz,...,an+1) be the new
powers following resolution and restriction to the first chart. It is not hard to notice that if
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s # 1,N + 1, then as = as. Therefore, equations asqs + g.(s) = 1 hold, which means that
4s = ¢s. Now, if s = 1, we get a1 = 2a1/2 = a1, and in this case the equation
a1(2q1) + G2 = a1(2q1) + g2 = 2a1q1 + @2 = 1
holds; we conclude that ¢; = 2¢;. Similarly, for s = N + 1 we know that ay41 = 2 according to
the explicit form of f;, and we only need to solve the following system of equations:
ant1dn1 + g1 =1
24n4+1 +2q1 =1

R 1-2q¢,
dgN+1 = 5

Here, the condition ) . 7, bs@s = 1 holds, since for each choice of .Jj; we only modify the term
with s = 1, and lA)kl = 2by, /2 = by, , which implies 2bg, g1 = 5k12q1 = f)klcjl. O

Corollary 29. Since fl s quasthomogeneous, it must correspond to some graph. Using the
explicit form (7.1), we conclude that the graph in question is I'sx = op (N +1,1).

Since we managed to prove that fl is quasihomogeneous, the last statement that we need to
check is:

Proposition 30. All critical points off are contained in the chart Uy, and fl is non-degenerate.

Proof. Our objective is to show that 0 is the only isolated solution of the system {d fs = 0} for
s = 1. Recall the explicit form of f;, then set y =21 and z = xn41:

X ~ A bs, bs bs
fl = (fﬁ)1+(fadd)l :fno(x17~~';xN)+z?V+1xl+ Z ngzsll‘rSzz '~-xsll
{JTEAR ‘ 1¢Jr}
, bs
+ Z EerZ{IxZQQ co g,
{J.€ARr | 1€J,}
It is easy to deduce that if s satisfies 1 < s < N + 1 and does not belong to any set in Ag, then
afl _ 6.}0]{0
0z 0xs
Therefore, since f is non-degenerate, 0 is a solution of the above system.
If s such that 1 < s < N 4+ 1 and s € Ji for some J; € Ag, then the system of equations

o1 b b
as—1 a bs—1, .0k k
ox = AsTs t”(s) + Z Ty + Z i bsxs xk; o xkzl
s weRTL(s) JyEARNSE T}

obviously vanishes at 0. Likewise, for s = 1, N + 1, 0 is a solution:
of _ 1 b b
Tfl =a2{" e +ak g + Z g7 2b 3t 1x§22 coogt =05
1 {Jr€AR | 1€J,}
of1
81‘]\[.;,_1
We have demonstrated that 0 is a solution of the equations above. Note also that the change
of variables {t; = xhﬁvﬂ = x1x§v+17t1tN+1 = z12N+1} is a diffeomorphism, and since f is

= T1TN+1 = 0.

non-degenerate, so is fi.
Let us come back to fy to rewrite it similarly to f; earlier; consider now the two equations:
0fs 2y, —1 br, b b
_ 2a1—1_aN+1 ky ky ko ky
s 2a1 ] Ty T2+ E €7, 2bk, ] TNy T, Ty, = 0,
! JREARNLE )
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8f2 2a1,a1—1

_ ki ey =1 bry
0T N+1

= a;x] TN T2+ Z 6kak1xfb TnYy T, ...xZ’j’—&—l:O.
JLEARALETy,

Clearly, these equations have no solution at the origin. Moreover, the left-hand side of the second

equation does not vanish when z; = 0 or 1 = 0. This implies that we must have z; # 0 and

zn+1 # 0. We then divide the first equation by 2x%a1_1x7\}+1 and the second one by x%alm?\};f,

deducing that

2bgk, —2a1 b, —ay bg b
a1ry + E enbr, ] ! Tyyy Ty ezt =0,
JEARNLE Ty
2bk1 —2aq bkl —ay bk2 bkl —2a1 ,,1—a1 __
ai1xs + E e, bk, 2] Ty Xy T ey =0,

JEARNLE Ty
which implies xfzalx}{_ff = 0. Thus, the system {dfs = 0} has no solution, which concludes
the proof. O

Remark 31. Since orbifold equivalence is an equivalence relation, this result extends to the
case of k isolated points, with G = Z/2Z x --- x Z/2Z, by systematically applying Theorem 26.

k

8. ISOMORPHISM OF ALGEBRAS

The equivalence of categories signals the existence of an isomorphism between the correspond-
ing Frobenius algebras. In this section, we construct this isomorphism explicitly.

We associate to a Landau-Ginzburg orbifold (f, G), the Hochschild cohomology HH* (M F(f))
of the category of G-equivariant matrix factorizations. In order to manipulate this ring, we
construct an algebra Jac(f, G) in such a way that Jac(f,G) =2 HH*(M Fg(f) (see [Sh|, [BTW1],
[BT1] for details). To define Jac(f, G) let us introduce a vector space

Jac'(f,G) = €D Jac(f)&,,
geG
where &, are formal generators associated with g € G. We then define multiplication in this

vector space (see [Sh| for details).

Definition 32. Let 01,0,,...,05 and 0y,,0s,,...,0s, be formal variables. Then the Clifford
algebra Cly is the factor-algebra of C[0y,60s,...,0N,0s,,0p,,-..,09,] by the relations:
0,6, = —0;6;
09, 09; = —0p;0p,
09,0; = 0;; — 0,00,

For I C {1,...,n} we use the following notations:
9o, =[] .. 0r:=]]0:
iel il

where indices are written in an increasing order. We also introduce the following notations for
the Cly-modules:

Clo] := CIn/cinto,, mitoy)s  Clal := Clciy oy,...on)
Definition 33. The map V7% C[x] — C[x, y] given by

V‘T‘)(wy)(f(x)) _ f(ylay27"-ayi—laziazi-‘rla---axN) - f(ylvy%-~-7yi7$i+17$i+27~-- ,.I‘N)
i
Ti —Yi

is the i-th difference derivative of f(x).
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Now we may look into the structure constants of multiplication in Jac'(f,G). For g € G
denote I, := {ilg; = 1}, I§ :={1,...,N} \I, and d, := |I§|. For each pair (g,h) € G x G we
write dg p, := %(dg +dp, — dgn), then we define oy ), € Jac(f9") as follows:

o If dg,h ¢ Zzo, then Og,h = 0.
o Ifd, ;, € Z>¢, then we define o, j, as the coeflicient before 9y e, in the following expres-
sion expansion:
1 dg.n
mT ((LHf(x,g(m),w)Jgh + [Hyy(z)], ®1+1@ LHf,h(g(m))Jgh) ® (99,5 ® (’“)01;;)

where

(1) Hy(z, g(z),z) is an element of C[x] ® C[A]®? defined by
H(x,y,z) = Y. VI70Iv70Y (0,00,

1<j<i<n

Hf(l’, g((E), :L') = Hf(X, Yy, Z)|{y:9(x)a z=x}
(2) Hy4(x) is an element of the module C[x] ® C[¢] given by
. L oxor(ex?) gxs (x,9(x)
Hyg(x) = B Z 41_7.%Vj Vi (f)6; 6,
’L,jEI;, 7j<i
where x9 is (x9); = x; for i € I; and (x9); =0 for i € I(;
@) - CxeV — Jac(f9") @V for V = C[x] ® C[]®% or V = C[x] ® C[f)] is a
C-linear extension of the map C[x] — Jac(f9");
(4) The degree dg , is calculated with respect to the natural multiplication defined on
Clx] ® C[f] ® Cld];
(5) Y is the C[x]-linear extension of the map C[0]®? ® C[05]®? — C[dy], defined by
p1(0) ® p2(6) ® q1(99) @ ¢2(9p) = (—=1)1 111721 py (1) - pa(ga),
where p;(g;) is the action of p;(0) on ¢;(dy) according to the multiplication structure
on the Clifford algebra introduced earlier.
We define the multiplication in Jac’(f, G) in the following manner:

[6(x)]€g U ())& = [6(x)(x)0,n]Een,  ¢(x),1(x) € C[x].
We will also endow Jac'(f, G) with an action: for h € G and [¢(z)] € Jac(f9)
h=(hiha) s (D@ = [T R 10(0@)))g.  [6(2)] € Jac(f9).
ielg
Then we define Jac(f, G) = (Jac'(f,G))“. Applying Theorem 26, we get
Jac(f, {id}) = Jac(f) Jac(f,G) = (Jac(f)&a)® @ Jac(f9)&,.

Proposition 34. There is an isomorphism of algebras v: Jac(f) == Jac(f, G), such that
P([zi]) = < [#1)€ia, fi=1
&g, fi=N+1

Proof. Let us demonstrate that Jac(f) can be decomposed into the sum of two vector spaces:

Jac(f) = Bl (&) BQ,

with B; = (Jac(f))¢ as algebras and By = Jac(f9)z N1 as vector spaces. We may now construct

a basis of By; let [0 25 ... 2% "] be a basis element of Jac(f). Note that if a; # 0 and
1 %2 N+1
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ant1 = 0 (i.e., this element does not depend on variable zx1), then [27*'25> ... 2%"] could

be chosen as a basis element of Jac(f) by the construction of f. Moreover, the multiplication
of elements of the form [z7*'25? ... 2%"] in Jac(f) coincides with multiplication in (Jac(f)&aq)

due to invariance under the G-action. Thus, we obtain a basis for the algebra (Jac(f)&:q).

In order to construct a basis for Bz, we may now consider basis elements of Jac(f) for which

ant1 # 0. Then apy; should be equal to 1 and a; = 0, because [&Cajﬂ] = [2z12N41] = [0].
Thus we get [z 25 ... 23N ] = [252 ... 23] [ n41] with the first factor lying in Jac(f¢), which

gives the sought for isomorphism.
The last piece that we need to prove is [xy11]* = (§;)?. We calculate o, ;-1 using the formula
derived earlier. Note that
1 x—(x,x7 x—(x,9(x
Hypg(x) = §V1_>( )VN?-(l 9t ))(f) 01 0ny1 =0,

since f does not have a summand containing both variables 1 and z 1. Similarly,
Hy,-1(g(x)) = 0. Then o, ;-1 is the coefficient of 1 in

1
iT([Hf(ZE,g(Jf),CC)F & 691891 & 69N+169N+1)'

Now, let A, € C[x] be such polynomials, that Hy is the following sum:

Hf(z,g(z),z) = S Ai(@)0i @ 0; + A (2)01 @ 01 + Ay v (2)0n 41 ® On g
(4,9)#(1,1) (4,5)#(N+1,N+1)
Then
[Hf]2 = 2[A11AN+1,N+1]010N+1 & 919N+1 + Z [Ai,j,k,l]gzﬂj ® 016y,

(4,3,k,1)#(1,N+1,1,N+1)
where A; ;; € C[x] are polynomials obtained by multiplication in C[x] ® C[f] ® C[f]. Conse-
quently, we conclude that
Og.g—1 — _[AIIAN+1,N+1]7

)

and, finally, after precise calculations we obtain

[ANt1,n+1] = [1]
All - [almf(alil)l@ + Z Ekakn‘T?(bkl_l)mz]f e xZI:L]’
JEARNLE T}
which implies the following relation in Jac(f, G):
ai— bk, —1) b b
(€)? = ~Jara} ™ Ny + Z €Jk,bk1$1( ’ )xk? o

JEARNLE T}

Lastly, by switching to Jac(f) we may write the relation achieved by taking the partial derivative:

af b, —1 b b
(2 a;—1 k1 ko kil
[8;10 | =[Ny Fara T x + g €7, bk, 4 Tt Ty, ] =1[0]
1 JLEARNIE T,
2 a;—1 b, —1 by b
[Zn1]? = —[arz] 22 + E enbiayt Tmp oyt
JEARNLE T}

Therefore, the original claim is established. O
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